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I .  INTRODUCTION 

The  redearch  project  proposed  in  the  original  contract  was  to 
investigate  the  physical  mechanisms  responsible  for  the  many  anomalous 
effects  associated  with  the  stimulated  Raman  scattering  in  various  media. 

In  the  early  stage  of  the  investigation,  we  soon  realized  that  an  intense 
laser  beam  propagating  in  liquid  tends  to  self- focus  into  hot  filaments. 
Self-focusing  is  apparently  responsible  for  most  of  the  anomalous 
effects  observed  in  stimulated  Raman  scattering.  It  was  then  clear  that 
one  must  first  understand  self- focusing  before  a1'  mysteries  about 
stimulated  Raman  scattering  can  be  solved. 

We  studied  both  theoretically  and  experimentally  thi  physical 
mechanisms  for  the  intensity-dependent  refractive  index  and  hence  for 
self- focusing.  Or  .*  results  showed  that  in  most  liquids,  the  optical  Kerr 
effect  is  the  dominant  mechanism,  but  in  some  liquids,  the  electrbstrictive 
effect  also  plays  a  non-negligible  role.  Both  stimulated  Raman  and 
Brillouin  scattering  are  initiated  and  enhanced  by  self-focusing  and 
the  formation  of  hot  filaments. 

It  was  believed  by  most  people  that  the  observed  hot  filaments  of 
few  microns  in  diameter  are  just  the  self-trapped  filaments  predicted 
by  Chiao,  Garraire,and  Townes.  In  our  recent  experiments,  however,  we 
showed  that  by  using  a  single-mode  laser,  the  observed  hot  filaments 
are  in  fact  tracks  of  moving  focal  spots  resulting  from  self-focusing. 

This  result  has  important  far-reaching  consequences  on  many  effects 
connected  with  self-focusing. 

We  also  constructed  a  set-up  with  two  simultaneously  Q-switched 
lasers  at  different  frequencies .  We  used  the  set-up  to  generate 
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far-infrared  radiation  by  beating  the  two  laser  beams  in  a  nonlinear 
crystal.  We  were  able  to  demonstrate  for  the  first  time  the  feasibility 
of  obtaining  an  intense,  tunable  far-infrared  pulse  from  difference- 
frequency  generation. 

II.  RESEARCH  ACCOMPLISHMENTS 
A.  Self-Focusing  and  Stimulated  Scattering 

Results  of  early  investigation  on  stimulated  Raman  scattering  in 
liquids  showed  that  the  Raman  gain  was  two  orders  of  magnitude  larger 
than  the  theoretical  prediction.  It  was  conceived  by  us  that  this 
anomalous  gain  could  be  explained  if  the  laser  beam  propagating  in  the 
liquid  was  inhomogeneous  or  contained  hot  filaments.  By  using  a  two-cell 
method,  we  showed  that  this  is  indeed  the  case.  (See  Appendix  i).  As 
a  result  of  intensity-dependent  refractive  index  of  the  liquid,  the 
laser  beam  tends  to  self- focus  into  hot  filaments  in  the  liquid.  We 
then  investigated  the  physical  mechanisms  responsible  for  the  intensity- 
dependent  change  of  refractive  index.  From  the  variation  of  the  self- 
focusing  strength  with  temperature,  we  concluded  that  in  most  liquids, 
the  optical  Kerr  effect  is  the  dominant  mechanism  for  self-focusing,  but 
in  some  liquids,  the  electrostrictive  effect  is  also  important 
(Appendices  II  and  III).  By  assuming  that  the  laser  beam  breaks  into 
filaments  after  self- focusing,  some  qualitative  features  of  the  observed 
stimulated  Raman  and  Brillouin  scattering  were  explained  (Appendix  III); 
however,  no  quantitative  agreement  was  achieved. 

It  was  believed  for  some  time  that  the  observed  hot  filaments  of 
a  few  microns  were  the  demonstration  of  self-trapping  predicted  by  Chiao, 
Garmire,  and  Townes.  Nevertheless,  the  small  size  and  high  intensity 


* 


-3- 


of  the  filaments  received  no  explanation.  Recently,  we  made  careful 
measurements  on  the  duration,  the  intensity,  and  the  spectrum  of  light 
in  the  filaments  (Appendix  IV).  The  results  obtained  from  a  single¬ 
mode  laser  indicated  that  it  was  not  likely  that  the  self-trapped 
filaments  existed  in  our  experiments.  Closer  investigation  on  the 
filaments  and  related  effects  showed  that  the  filaments  are  actually 
composed  of  continuous  series  of  moving  focal  points  (Appendix  V).  This 
discovery  clearly  changes  the  current  status  of  research  on  self- 
f jcusing  and  s elf-t rapping . 

B.  Far-Infrared  Difference-Frequency  Generation 
It  was  suggested  earlier  by  several  people  that  using  two  temperature- 
tuned  ruby  lasers  can  provide  a  tunable  source  of  coherent  far-infrared 
radiation.  Many  research  workers  tried,  but  failed.  Only  recently,  we 
were  able  to  demonstrate  for  the  first  time  that  such  a  tunable  far- 
infrared  source  can  indeed  be  achieved.  In  our  experiments,  we  used 
two  temperature-tuned  Q-switched  ruby  lasers.  The  main  difficulty  which 
we  had  overcome  was  to  synchronize  the  two  laser  pulses.  We  were  able 
to  obtain  1  mW  of  far-infrared  radiation  out  of  a  1/2  mm  crystal  of 
LiNbO^.  (See  Appendix  VI).  By  varying  the  ruby  temperature  from  room 
to  liquid  N2  temperature,  we  can  obtain  a  tuning  range  of  0  -  22  cm-1 
for  ^he  far-infrared  output.  In  addition,  we  were  able  to  make  the 
laser  lase  at  either  R,  or  R?  line.  This  extends  the  possible  tuning 
range  from  0  -  51  cm  .  The  device  would  be  extremely  useful  for  the 
investigation  of  transcient  or  lifetime  measurements  on  the  low-lying 


resonance  excitations. 


C.  Theoretical  Calculations 


1)  On  Self-Trapped  Filaments .  (Appendix  VII )  We  showed  from 
steady-state  thermodynamic  consideration  that  the  assumption  of  possible 
field-induced  phase  transition  can  lead  to  the  formation  of  self-trapped 
filaments  of  light  in  liquids.  The  model  is  an  analog  of  Abrikosor 
vortex  state  in  superconductors . 

2)  On  Optical  Nonlinearities  of  a  Plasma.  (Appendix  VIII )  Second- 
harmonic  generation  and  stimulated  Raman  effects  in  a  plasma  were  discussed. 

The  second-harmonic  generation  from  a  solid-state  plasma  boundary  was 
investigated.  It  was  shown  that  second -harmonic  generation  from  metals 

is  dominated  by  the  contribution  from  bound  electrons  in  the  surface 

layer.  The  prediction  has  been  verified  by  N.  Bloembergen  et  aJ  Phys.  Rev.  174 , 
813  (1968). 

3)  On  Photon-Magnon  Interaction.  (Appendices  IX  and  X)  It  was 
predicted  that  light  scattering  from  magnons  in  ferro-,  ferri-,  and  anti- 
ferro-magnets  can  be  observed.  The  similarity  between  the  spin-Raman 
effect  and  the  Vibrational  Raman  effect  was  emphasized  and  the  possibility 
of  stimulated  Raman  scattering  from  magnons  was  discussed.  It  was  also 
suggested  that  the  magr.on-phonon  coupling  can  enhance  light  scattering 
intensity.  The  results  were  presented  as  an  invited  talk  in  the  1967 
Annual  Conference  on  Magnetism  and  Magnetic  Materials.  The  prediction 
was  verified  by  P.  A.  Fleury  et  al.  (Phys.  Rev.  Letters  17_,  84  (1966)). 

4)  On  Quantum  Statistics  of  Nonlinear  Optics.  (Appendix  XI )  Non¬ 
linear  interaction  of  light  with  matter  was  discussed  from  the  quantum 
statistical  point  of  view.  It  was  shown  that  the  rate  of  nonlinear 
interaction  depends  on  the  mode  structure  of  the  light  fields  and  measure¬ 
ments  of  the  statistical  properties  of  the  output  fields  can  yield  infor- 
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mation  about  statistics  of  the  input  fields  and  the  properties  of  the 
medium.  The  paper  was  given  as  an  invited  talk  in  the  1967  Enrico  Fermi 
Summer  Institute. 

5)  On  Permutation  Symmetry  of  Nonlinear  Susceptibilities.  (Appendix  XII) 
Permutation  symmetry  of  nonlinear  susceptibilities  was  derived  from  the 
microscipic  theory.  It  was  shown  that  the  permutation  symmetry  is  essential 
for  the  existence  of  a  time-averaged  free  energy. 
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BEAM  DETERIORATION  AND  STIMULATED  RAMAN  EFFECT* 
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The  most  Important  fundamental  discrepan¬ 
cy  between  theory  and  experiments  in  the  stim¬ 
ulated  Raman  effect  is  that  the  observed  Raman 
gain  is  one  to  two  orders  of  magnitude  larger 
than  the  theoretical  value.1  The  latter  is  given 
by* 

g  =  (2vu^/ks 

where  <Dg  is  the  Stokes  frequency,  the  Stokes 
wave  vector,  the  laser  field  amplitude,  and 
Xs "  the  resonant  Raman  susceptibility  whose 
magnitude  can  be  obtained  from  the  spontane¬ 
ous  Raman-scattering  data.  It  was  suggested 
that  the  observed  anomalous  gain  might  be  the 
result  of  the  multimode  structure  {or  hot  fila¬ 
ments)  of  the  laser  (pumping)  beam,*  but  Mc- 
Clung,  Wagner,  and  Weiner,  using  a  nearly 
single-mode  laser  beam  in  the  experiments, 

Still  found  the  presence  of  such  an  anomalous 
gain.1  This,  however,  does  not  eliminate  the 
possibility  of  deterioration  of  the  laser  beam 
into  muitlmodes  as  the  beam  interacts  with  the 
medium.  In  this  paper,  experimental  evidence 
is  presented  to  suggest  that  scattering  mecha¬ 
nisms  in  a  medium  can  produce  inhomogene- 
lties  or  filamentary  structure  in  an  initially 
homogeneous  beam.  We  believe  that  these  hot 
filaments  are  responsible  for  the  many  anom¬ 
alous  effects  previously  observed. 

A  laser  beam,  Q  switched  by  cryptocyauine 
solution  and  limited  in  cross  section  by  an  aper¬ 
ture  in  the  cavity,  was  used  to  generate  Stokes 
radiation  In  a  20-cm  toluene  celt  (ceil  A).  The 


laser  intensity  was  varied  by  a  Polaroid  prism 
outside  the  laser  cavity.  Another  cell  (cell  B) 
of  variable  length,  filled  with  water,  benzene, 
acetophenone,  or  nitrobenzene,  was  inserted 
between  the  laser  and  the  toluene  cell.  The 
threshold  of  the  stimulated  Raman  scattering 
was  then  measured  as  a  function  of  the  length 
of  cell  B.  The  results  are  shown  in  Fig.  1. 

The  curves  clearly  show  that  the  medium  in 
cell  B  can  distort  the  laser  beam  In  such  a 
way  as  to  help  significantly  the  Raman  genera¬ 
tion  In  toluene.  Here,  the  Raman  threshold 
of  toluene  first  Increases  and  then  decreases 
sharply  as  the  length  of  cell  B  is  Increased. 


FIG.  1.  Rnman  threshold  in  toluene  versus  the  .'ell 
iength  of  a  scattering  cell  in  front  of  the  toluene  cell. 
The  scattering  cell  was  filled  with  water,  benzene, 
acetophenone,  or  nitrobenzene. 
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This  suggests  that  the  distortion  of  the  beam 
is  due  to  some  kind  of  stimulated  scattering 
in  ceil  B.  The  initial  rise  of  the  threshold  is 
believed  to  be  the  result  of  insertion  loss  in 
cell  B.  No  Raman  radiation  was  generated  in 
cell  B,  except  for  the  case  of  nitrobenzene  or 
acetophenone  with  the  ceil  longer  than  3.5  cm. 
It  is  therefore  reasonable  to  assert  that  the 
beam  distortion  is  due  to  forward  scattering 
through  generation  of  acoustic  and  thermal 
strain  (Briliouin  and  Rayleigh  scattering).  The 
maxima  and  the  slopes  of  these  curves  show 
that  if  forward  scattering  is  responsible  for 
the  beam  distortion,  nitrobenzene  should  have 
the  largest  scattering  cross  section,  followed 
by  acetophenone,  benzene,  and  water.  The  ex¬ 
isting  data  on  incoherent  light  scattering  give 
the  following  scattering  intensity  ratio4: 


/  •/  •  /  •/ 

NB'  AC'  B’  water 


10.88:5.60:3.15:0.17. 


Above  threshold,  the  intensity  of  the  toluene 
Stokes  emission  was  found  to  increase  appre¬ 
ciably  when  a  7.5-cm  nitrobenzene  cell  is  in¬ 
serted  between  the  laser  and  the  toluene  ceil, 
even  though  the  laser  power  is  somewhat  de  ¬ 
pleted  by  the  generation  of  Raman  emission 
in  nitrobenzene.  It  was  also  noticed  that  the 
laser  beam  coming  out  from  a  Raman  cell  was 
generally  less  homogeneous  than  the  original 
beam.  Hot,  thin  laser  filaments  formed  in 
Raman-active  media  have  been  observed  by 
other  workers.* 

That  the  forward  scattering  may  be  respon¬ 
sible  for  the  anomalous  Raman  gain  is  alsc  re¬ 
flected  in  the  temperature  effect  of  the  Raman 
emission.  Fig.  2  shows  the  Raman  threshold 
in  nitrobenzene  and  toluene  in  a  15-cm  cell 
as  a  function  of  temperature.  The  observed 
effect  is  too  large  to  be  attributed  to  the  change 
in  the  Raman  scattering  itself.  This  is  con¬ 
firmed  by  the  fact  that  when  a  7.5-cm  nitro¬ 
benzene  cell  was  inserted  in  front  cf  the  toluene, 
the  toluene  Raman  threshold  remained  more 
or  less  constant  with  temperature.  If  the  tem¬ 
perature  of  the  nitrobenzene  cell  was  varied 
Instead,  appreciable  change  in  the  toluene  Ra¬ 
man  threshold  was.  again  observed.  The  curves 
indicate  less  beam  distortion  for  higher  tem¬ 
perature.  This  suggests  that  the  forward  stim¬ 
ulated  Briliouin  effect  may  be  the  dominating 
mechanism  for  beam  distortion,  since  the  ef¬ 
fect  would  then  be  stronger  for  smaller  acous¬ 
tic  damping,  and  hence  for  lower  temperature. 


Theoretically,  a  laser  beam  can  be  distort¬ 
ed  or  deteriorated  into  multimodes  through 
nonlinear  interaction  between  light  waves  and 
pressure  (acoustic)  and  thermal  waves  in  the 
medium.  The  interaction  is  governed  by  the 
set  of  coupled  electromagnetic  and  acoustic 
wave  equations  and  the  heat  diffusion  equation. 

In  the  limiting  case  where  only  the  static  pres¬ 
sure  and  thermal  strain  (electrostriction)  are 
considered,  this  would  lead  to  the  beam-trap¬ 
ping  phenomenon  proposed  by  Chiao,  Garmire, 
and  Townes.*  More  generally,  the  initial  la¬ 
ser  intensity  distribution  in  the  frequency  and 
wave-vector  space  would  be  broadened  a  great 
deal  by  this  mechanism.  In  other  words,  a 
single-mode  laser  beam  can  be  spoiled  into 
many  coherent  spatial  and  temporal  modes, 
which  then  give  rise  to  hot  filaments  in  the  beam 
and  intense  spikes  in  the  laser  pulse.  Usually, 
'he  thermal  effect  is  negligible  compared  to 
the  pressure  effect.  The  forward  Briliouin 
scattering  (which  includes  electrostriction)  is 
possibly  responsible  for  the  distortion  of  the 
beam.  It  would  have  a  threshold  much  lower 
than  the  Raman  threshold  in  many  media,  as 
seen  from  the  estimate  for  the  case  of  beam 
trapping.* 

Most  of  the  anomalous  Raman  effects  can 
be  explained  by  the  multimode  theory.’  In  par¬ 
ticular,  N  cohere,  t  laser  modes  of  comparable 
intensities  would  give  a  maximum  Stokes  gain 
te  atoutft  N  rmit*  iarger  thv;  the  artr  - 
age  gain.’  The  details  of  the  theory  will  bf 
reported,  elsewhere. 


FIG.  2.  Raman  threshold  of  toluene  and  nitrobenzene' 
as  a  function  of  temperature. 
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In  the  enhancement  of  the  Stokes  gain. 


APPENDIX  II 


Volume  20.  number  4 


PHYSICS  LETTERS 


1  March  1966 


Hr 


ELEC  ’ROSTRICTION,  OPTICAL  KERR  EFFECT 
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Eiectrostrictive  coefficients  and  optical  Kerr  constants  for  liquids  are  derived.  Their  relative  importance 
in  the  seif-focusing  of  a  giant-pulse  laser  beam  is  discussed. 


A  laser  beam  propagating  in  an  isotropic, 
transparent  medium  induces  an  increase  in  the 
refractive  index  proportional  to  the  laser  inten¬ 
sity  through  electrostriction  and  optical  Kerr  ef¬ 
fect.  The  intensity-dependent  index  of  refraction 
can  lead  to  self-focusing  of  the  laser  beam,  as 
first  envisaged  by  Arkaryan  [1]  and  by  Chiao  et 
al.  [2],  and  recently  computed  by  Kelley  [2].  Ex¬ 
perimentally,  it  has  been  observed  that  the  beam 
does  get  highly  inhomogeneous  after  traversing 
through  a  liquid  medium  [4,5].  The  self- focusing 
action,  with  the  result  of  hot-filament  formation, 
gives  rise  to  the  anomalous  gain  in  the  stimulated 
Raman  scattering.  Therefore,  knowledge  about 
eiectrostrictive  coefficients  and  optical  Kerr  con¬ 
stants  for  various  liquids  is  now  extremely  help¬ 


ful  in  work  on  stimulated  scattering  in  liquids. 

The  optical  Kerr  effects  in  some  liquids  have  been 
measured  by  Gires  and  Mayer  [6],  and  the  inten¬ 
sity-dependent  refractive  indices  by  Maker  et  al. 
[7].  In  this  note,  they  are  derived  in  terms  of  re¬ 
fractive  indices,  dielectric  constants,  isothermal 
compressibilities  and  d.c.  Kerr  constants.  Their 
relative  importance  in  self-focusing  of  a  giant - 
pulse  laser  beam  is  discussed. 

The  Clausius- Mosotti  relation  gives  the  change 
of  the  refractive  index  in  terms  of  the  variations 
in  density  and  in  polarizability,  ip  and  Aa. 


*  This  research  is  supported  by  the  U.S.Offfce  of 
Naval  Research  under  Contract  Nonr-3656(32) . 


378 


Volume  20,  number  4 


PHYSICS  LETTERS 


1  March  1966 


An  =  (A  n)p  +  (A«)a  = 


(1) 


(«o  ‘  1){>4+2)[(^P0)  +  (i«/«0)]/6M,>- 


In  the  presence  of  an  optical  field  £(r,  /),  Ap  obeys 
the  driven  acoustic  wave  ?quation 


(-v2'L2^-2i  -)^P=-1^(^2)-  (2) 

'  v2  Br  v2  Bl'  877  v2 


Here,  v  =  (1  /  P0ft)*  is  the  acoustic  velocity.  ft  the 
isothermal  compressibility,  r  the  acoustic  darap- 
ing,  and  y  =  2 «0P0(3»/  dp)  -  |(«2  -  1)(h2  +  2).  Siuce 
Ap  cannot  follow  the  driven  force  at  optical  fre¬ 
quencies.  only  the  low-frequency  components  of 
Ap  should  be  considered.  In  the  case  of  a  mono¬ 
chromatic  field  F.(r,  t)  =  f(r)  cos(A;  •  r-  uf),  one 
finds 


(A«)p  =  KpX  ie2  (3) 

with  Kp  =  y2p/ 8r«0A  defined  as  the  electrostric 
tive  coefficient.  Tht  electrostrictive  coefficients 
calculated  are  shown  in  table  1  for  a  few  liquids  *. 

The  change  of  the  polarizability  is  assumed  to 
come  entireiy  from  the  orientational  variation  of 
the  arisotropic  molecules.  Let  the  orientational 
distribution  function  be /(•■’,  where  0,0  and 

tf/  determine  the  orientation  of  a  particular  mole¬ 
cule.  The  change  of  the  polarizability  can  then  be 
calculated  from  the  theory  of  Lengevin  [9].  We 
have  (4) 

Aa  =  J  p(\f)  sin  B  iO  do  &■>/  E  if  sin  «  d*  do  do  . 


Here.  />  is  the  induced  dipole  moment,  and  A/  = 
/  -  /0  obeys  the  equation 


[(3/3f)  +  (1/t)]  A/  =  (A/^/r 

(5) 

W)x=C[exp(-U/kT)-  1], 

where  r  ~  Anc^v/kT  is  the  relaxation  time,  a  the 
dimension  of  molecules,  v  the  viscosity  coeffi¬ 
cient,  C  the  normalization  constant,  and  1/L.c 
potential  energy  of  the  anisotropic  molecule  in 
tbe  E  field.  Again,  since  A f  cannot  follow  vari¬ 
ations  at  optical  frequencies,  only  the  low-fre¬ 
quency  part  should  be  taken  into  account.  Li  the 
first  order,  one  finds,  for  a  linearly  polarized 
monochromatic  fieid, 

(A«)fl  =iffaA(|c2)  (6) 


*  The  electrostrictive  coefficients  are  about  4  times 
larger  than  those  calculated  in  ref.  2  The  error  can 
be  traced  back  to  the  smaller  values  of  ft  they  used 
and  the  missing  of  a  factor  2.  Their  values  of  optical 
Kerr  constants  should  also  be  smaller  by  a  factor  of  2 
[81 


Table  1 

F'eetrostrictive  coefficients.  Kp.  optical  Kerr  con- 
.  nts,  ka.  andthed.e.  Kerr  constants.  (A’jW.  cal¬ 
culated  at  the  wavelength  of  the  sodium  D  line  for  vari¬ 
ous  liquids.  In  calculating  these  constants,  «0  is  ob¬ 
tained  from  the  International  Critical  Tables  and  ft  and 
6  from  the  Handbook  of  Chemistry  and  Physics,  All 
physical  constants  are  taken  at  20°C  If  possible. 


Kp  x  10” 

Ka  x  I08 

<*l>dc  x 

Carbon- 

tetrachloride 

Carbon- 

1.21 

0.67 

0.74 

disulphide 

2.53 

32.6 

32.26 

Hexane 

1 .06 

0.43 

0 .43 

Cvclohexnne 

1.06 

0.78 

0.74 

m-xylene 

1.20 

7.3!) 

8.58 

Benzene 

1.33 

5.73 

5.93 

Toluene 

1.23 

G.55 

7.53 

Chlorobenzene 

1.20 

9.93 

01 

Bromobenzcne 

1.30 

14.33 

91 

Nitrobenzene 

0.02 

26.4 

2360 

Aniline 

1.00 

3.22 

-12.3 

Chloroform 

1.03 

1.70 

•33.2 

Acetone 

0.75 

1.U3 

163 

Methvlalcohoi 

O.ofc 

0.17 

9.7 

Ltbvlaicohol 

0.66 

0.21 

7 .68 

Butvlaleohol 

0.64 

0.41 

-36.5 

and  for  a  circularly  polarized  field 

U»)a  =  jK„\ G«f2)  (T) 

with  Ka  =  [(»!§-*  2)(h2-  i)(e  +  2)/ (6  -*•  2)2(6  - 
defined  as  the  optical  Kerr  constant.  Here.  6  is 
the  dielectric  constant,  and  e  is  given  by  the 
Debye  relation 

(5  -  l)/(6  +  2)  =  [(,  -  l)/(e  +  2)  +  4'upQii2/9mkT]  , 

4  being  the  permanent  dipole  moment  of  the 
molecules.  (K"j)^c  is  the  part  of  the  d.c.  Kerr 
constant  originated  from  the  induced  dipole  mo¬ 
ments  only  and  is  always  positive.  For  non-polar 
moiecules,  one  finds  Ka  ~  (Kj)dc.  For  (tolar 
moiecules  with  large  p,  the  optical  Kerr  constant 
can  be  much  smaller  than  the  d.c.  Kerr  constant 
in  absolute  magnitude.  The  optical  Kerr  con¬ 
stants,  for  various  iiquids,  obtained  with  (A'i)dc 
calculated  by  Raman  and  Krishnan  [9],  are  given 
iu  table  1.  The  d.c.  Kerr  constants  are  also 
gsven  for  comparison. 

For  a  giant  laser  pulse  of  puise  width  -V,  it 
can  easily  be  shown  that  if  r  «  A,  eq.  (6)  is  stiil 
valid,  but  (A»)a  is  now  proportional  to  \efr,l)  2, 
which  wies  with  time.  For  most  liquids,  this  is 
true  since  t<  10' 10  sec.  The  density  variation 
Ap,  however,  cannot  follow  the  giant  pulse.  As¬ 
suming  the  distribution  of  laser  intensity  over 
the  cross  section  and  time  to  be 
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e  (r,  1)2  =  A  exp  (-  a2r2) 


t 


!(-<+  2A) 


for 

for 


i  «  A 
t  s  A 


(«) 


one  can  get  a  rough  estimate  of  the  density  vari¬ 
ation  by  neglecting  V2(Ap)  in  eq.  (2).  This  is  a 
good  approximation  for  a  <  100  and  r<  1/a.  The 
result,  together  with  the  optical  Kerr  effect, 
gives  a  total  change  of  the  index  of  refraction 

An  =  [KpV2a£(  1-  or2!-2)/3  +  K^f] ^.YA exp (- a2r2) 

for  t  s  A 

(9) 

-  [Api>2a2(1  -  a2>-2)(2  A3  -  6  A2/+  6 A/2  -  f3)  -i 

+  A'ff(2A  -  f)]  jx  A  exp  (-  a2!"2)  for  t  v  A 

Eq.  (9)  shows  that  at  /  =  A,  the  ratio  (A n)p/(P.n)a 
is  about  lO~2Kp/ h'a  for  v  =  1.5  x  103  cm/ sec, 

A  =  2  x  10*®  sec,  and  a  =  30  cm'^.  This  ratio 
becomes  larger  at  later  times. 

The  increase  of  refractive  index  with  the  laser 
intensity  leads  to  self-focusing  of  laser  beams  in 
liquids.  Experiments  [4,5,10]  show  that  the  self- 
focusing  action  is  very  strong  in  CS2,  followed 
in  decreasing  order  by  nitrobenzene,  bromoben- 
zene,  toluene,  benzene,  chloroform,  CCI4,  hex¬ 
ane  and  methylalcohol.  Table  1  shows  that  the 
magnitudes  of  the  optical  Kerr  constants  of  these 
liquids  follow  exactly  the  same  order.  We  have 
also  seen  a  large  reduction  of  self-focusing  action 
in  these  liquids  when  a  circularly  polarized  laser 
beam  is  used  [10].  This  makes  one  believe  that 
the  optical  Kerr  effect  is  responsible  for  self- 
focusing.  However,  for  liquids  with  small  optical 
Kerr  constants,  electrostriction  may  also  be  im¬ 
portant.  If  one  uses  eq.  (9),  one  would  find  at 
t  =  A,  (An)p/(A«)a  ^0.4  in  CCI4.  The  electro- 


strictive  coefficients  have  a  strong  positive  tem¬ 
perature  dependence,  while  the  optical  Kerr  con¬ 
stants  have  a  weaker  negative  temperature  de¬ 
pendence.  Temperature  measurements  [10]  in¬ 
deed  show  that  in  all  liquids  with  large  optical 
Kerr  constants,  the  self-focusing  action  de¬ 
creases  with  increase  of  temperature,  but  in 
CCI4  and  hexane,  it  increases  with  increase  of 
temperature.  The  optical  Kerr  effect  is  also  re¬ 
sponsible  for  spectral  broadening  in  the  stimu¬ 
lated  Raman  scattering  [11],  when  the  laser  radi¬ 
ation  has  two  or  more  modes  separated  by  about 
1  cm*1.  The  electrostriction,  however,  should 
have  very  little  effect  on  spectral  broadening, 
since  the  component  of  Ap  at  the  beat  frequencies 
of  the  laser  modes  would  be  extremely  small. 
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Experimental  results  on  the  self-focusing  of  a  laser  beam  in  many  liquids  are  reported.  It  is  shown  that 
the  optical  Kerr  effect  and  electrostriction  cannot  explain  the  temperature  variation  of  self-focusing  in 
some  liquids.  Forward  stimulated  Brillouin  scattering  seems  important  in  such  cases.  Measurements  on 
the  generation  of  stimulated  Raman  and  Brillouin  radiation  in  liquids  are  presented.  The  effect  of  self- 
focusing  and  self-trapping  on  the  forward- backward  asymmetry  in  the  Stokes  generation  is  discussed. 
Other  qualitative  features  in  the  stimulated  Raman  and  Brillouin  scattering  arc  explained. 


I.  INTRODUCTION 

HEN  a  high-intensity  laser  pulse  traverses  a 
certain  distance  in  a  liquid,  the  beam  cross-section 
often  reduces,  and  in  some  liquids,  thin  filaments  of 
extremely  high  intensity  appear.  This  phenomenon, 
which  is  generally  known  as  self-foe  ing  and  self¬ 
trapping  of  light  beams,  lias  been  the  subject  of  intense 
theoretical1-7  and  experimental*-15  investigation  re¬ 
cently.  It  is  self-focusing  and  self-trapping  that  give 
rise  to  the  many  anomalies  observed  in  stimulated 
Raman  and  Brillouin  scattering  in  liquids.  Physically, 
self-focusing  arises  because  the  refractive  index  (real 
part)  of  the  medium  increases  with  the  beam  intensity 
(a  coherent  elastic-scattering  process),  and  because 
stimulated  Brillouin  and  Rayleigh  scattering  near  the 
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forward  direction  occur  via  acoustic  and  orientational 
excitations  in  the  medium  (a  coherent  inelastic-scat¬ 
tering  process).  An  alternative  way  of  describing 
self-focusing  is  that  the  width  of  the  beam  intensity 
distribution  over  its  spatial  Fourier  components  in¬ 
creases  with  distance. 

The  intensity  dependence  of  refractive  indices  has 
been  investigated  by  many  authors.19  In  a  nonabsorbing 
medium,  it  is  due  to  optical  Kerr  effect,  electrostriction, 
and  nonlinear  electronic  polarizability.*  For  ordinary 
^-switched  laser  intensity,  the  steady-state  refractive 
index  can  be  written  in  the  form 

« ■■=  Ko+  (na,+ «!,,+«*«)  J  I  E  |*, 

where  E  is  the  laser  field  strength,  and  the  coefficients 
njo,  «sp,  and  n-u  are  associated  with  Ke-r  effect,  electro¬ 
striction,  and  nonlinear  electronic  polarizability,  respec¬ 
tively.  For  most  liquids  which  have  been  subject  to 
investigation,  nu  ranges  from  10-1’  to  IQ-11  esu,  while 
n j,  is  of  the  order  of  10-11  esu.  In  the  normal  dispersion 
region,  n*.  is  about  Iff-15  or  10-14  esu  as  estimated  from 
the  nonlinear  polarizability  for  third-harmonic  genera¬ 
tion,50  and  should  be  negligible  compared  with  m&,  and 
th,.  It  is,  however,  believed  that  the  Kerr  effect  gives 
the  dominant  contribution  to  the  intensity-dependent 
part  of  the  refractive  index  in  liquids.  The  reason  is 
simple.  The  Kerr  effect,  arising  from  molecular  re¬ 
orientation51  and  molecular  redistribution,55  responds 
almost  instantaneously  to  the  (7-switcbed  pulse,  but 
the  electrostrictive  effect,  which  involves  mass  transfer 
to  a  region  of  high  beam  intensity,  cannot  follow  the 
rapid  intensity  variation  of  the  pulse.  One  can  actually 
show  that,  for  a  10-*-sec  pulse,  the  electrostrictive 
contribution  to  the  refractive  index  would  be  negligible 


19  P.  I>.  Maker,  R.  W.  Tcrhune,  ami  C.  M.  Savage,  Phys.  Rev. 
Letters  12  ,  612  (1964):  F.  Girts  and  G.  Maver,  Compt.  Rend. 
258,  2039  (1964). 

“  P.D. Maker,  R.W.Terhune,  and  C.M. Savage,  in  Proceedings 
of  the  Third  International  Congress  on  Quantum  Electronics,  edited 
by  P.  Grivet  anrl  N.  Bloembergen  (Columbia  University  Press. 
New  York,  1964),  p.  1559. 

11  P.  Debye,  Marx’s  Handbook  dcr  Kadinlogei,  17  (Academisehe 
Verlagsgeselkchaft.  Leipzig  Germany,  1925),  Chap.  V,  p.  768; 
Polar  Molecules  (Dover  Publications.  Inc.,  New  York,  1929), 
a  S.  Kielich,  Mol  Phvs.  6,  49  (1963) ;  R.  W.  Hcllwarth,  Phys. 
Rev.  152,  155  (1966). 
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compared  with  the  Kerr  effect  in  most  liquids.  (See 
Sec.  Ill  for  more  detail.) 

Beam  components  propagating  in  the  off-axis  direc¬ 
tions  can  also  grow  in  intensity  through  stimulated 
Brillouin  and  Rayleigh  scattering.  This  also  leads  to 
self-focusing  phenomenon.  Self-focusing  by  this  mecha¬ 
nism  has  so  far  received  little  attention.  Tn  fact,  the 
gain  of  stimulated  Brillouin  scattering  near  the  forward 
direction  is  rather  high  even  for  a  short  Q-s witched 
pulse.  For  self-focusing  of  the  laser  pulse  in  liquids  with 
small  Kerr  constants,  stimulated  Brillouin  scattering 
could  be  as  important  as  the  Kerr  effect.  Tn  this  paper, 
we  show,  from  our  measurements  on  the  temperature 
variation  of  self-focusing  action  in  different  liquids, 
that  this  is  indeed  the  case.  The  relative  importance  of 
the  Kerr  effect  and  stimulated  Brillouin  scattering  to 
self-focusing  can  be  obtained  from  these  measurements 
since  the  Kerr  effect  is  inversely  proportional  to  tem¬ 
perature,  but  stimulated  Brillouin  gain  increases  as 
temperature  increases. 

While  self-focusing  in  liquids  seems  to  be  qualitatively 
understood,  the  dynamics  with  which  a  beam,  after 
being  self-focused,  breaks  into  self-trapped  filaments 
(known  as  small-scale  trapping15)  is  not  yet  under- 


PolCf'ier 


Fig.  1.  Experimental  set¬ 
up  of  the  ttvo-cell  method 
for  measuring  self-focusing 
strength  of  a  liquid. 


stood,*  although  the  size  of  the  filaments  seems  to  be 
connected  to  the  Kerr  constant  of  the  medium.15  As  one 
would  expect,  both  self-focusing  and  self-trapping 
affect  dramatically  the  nonlinear  optical  processes  in 
liquids,  in  particular,  stimulated  Raman  scattering  and 
backward  stimulated  Brillouin  scattering.  Self-focusing 
gives  rise  to  the  observed  threshold  in  stimulated 
Raman  and  Brillouin  scattering,15  and  the  presence  of 
intense  filaments  is  responsible  for  the  anomalously 
high  Raman  and  Brillouin  gain  aoove  threshold .**lc 
Without  knowing  the  dynamics  of  filament  formation, 
it  is,  howevei,  difficult  to  calculate  qualitatively  the 
effect  of  self-focusing  on  the  stimulated  scattering.  In 
this  paper,  we  present  some  experimental  results  on 
first-order  Stokes  and  Brillouin  generation,  and  discuss 
qualitatively  how  their  characteristics,  the  forward- 
backward  asymmetry  of  the  Stokes  radiation,  the 
temperature  effect,  etc.,  are  dominated  by  self-focusing 
and  self-trapping.  Experimental  results  will  be  shown  in 
Sec.  II,  followed  by  discussion  in  Sec.  III. 

II.  EXPERIMENTS 

A  3  in.  ruby  laser,  ^-switched  by  cryptocyanine 
solution,  was  used  in  the  experiments.  The  beam  was 
limited  to  a  diameter  of  2  mm.  The  average  peak 
power  of  the  15-nsec  Q-switched  pulses  was  about 


weaker  self-focusing  action.  See  the  text. 

75-100  MW/cm5,  depending  on  the  cavity  parameters. 
The  self-focusing  action  of  the  beam  in  a  liquid  was 
investigated  by  the  tw'o-cell  scheme.*  (Figure  1.)  Here, 
the  laser  beam  was  passed  through  two  cells  in  series. 
They  were  separated  by  a  distance  of  2  cm  to  allow 
for  window's  and  a  beam  splitter  when  the  back-scattered 
radiation  was  monitored.  The  first  ceil  was  filled  with 
the  liquid  under  investigation,  and  the  second  cell  with 
liquid  of  low  Raman  threshold  or  strong  self-focusing 
action,  such  as  nitrobenzene  or  carbon  disulfide.  Self- 
focusing  of  the  beam  in  the  first  cell  was  then  easily 
detected  by  the  decrease  of  Raman  threshold  for  liquid 
in  the  second  cell.  To  avoid  complication,  the  length  of 
the  first  cell  was  always  kept  below  its  own  Raman 
threshold.  This  method  has  much  higher  sensitivity 
than  the  single-cell  method  in  which  the  self-focusing 
action  is  measured  by  the  observed  Raman  threshold 
for  liquid  in  the  same  cell.15  It  is  sensitive  in  the  sense 
that  relatively  weak  self-focusing  action  in  liquids  such 
as  hexane  and  water  can  now  be  measured.55  One  can 


Temp#'olwfi  PCI 


Fio.  3.  Effect  of  a  nitrobenzene  selffocu*ing  cell  on  the  temper¬ 
ature  variation  of  the  Raman  threshold  of  a  15  cm  toluene  cell. 
Length  of  the  nitrobenzene  cell:  (a)  0,  (b)  1.3,  (c)  2.5.and(d)  5.0 
cm. 


■  In  liquid  with  weak  seif-focusing  strength,  stimulated  Raman 
and  Brillouin  scattering  nicy  appear  before  the  beam  ir,  self 
focused  to  a  minimum  cross  section,  fuiisequenlly,  Raman  an-l 
Brillouin  thresholds  of  the  liquid  are  no  longer  a  measure  of  the 
self-focusing  strength.  Hexane  is  a  good  example. 
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Table  I.  The  relative  self-focusing  strengths  in  different  L  measured  in  terms  of  the  cell  length  of  the  liquid  which  reduces 
the  Raman  threshold  of  lSem  toluene  by  5%  when  inserted  tn  iront  of  the  toluene  cell.  For  nonpolar  liquids,  u2a  are  obtained  from 
the  dc  Kerr  constants  in  Ref.  30.  For  polar  liquids,  m*,  are  either  obtained  from  the  ex|>:rimental  values  of  M.  Paillette  [Compt.  Rend. 
262,  264  (1966)]  or  from  the  calculated  values  of  Y.  R.  Shen  CPhys.  Letters  20,  378  (1966)].  g«  is  calculated  from  Kq.  (10)  with 
k„  -  2/d  and  d  =  0.1  cm  for  a  lOO-MW/cm1  ruby-laser  beam,  g*  is  calculated  from  Eq.  (16)  with  k„  -2/d,  d -0.1  cm,  and 

J  =2X  ICC  sec  for  a  100-MW/cm’  ruby-iaser  beam. 


Observed  self- 
focusing  strength 
(in.) 

101!  Hi. 

10=  £r 

103  SB 

10=  (gR+Sfi) 

(*b/«s) 

(%) 

Carbon  disulfide 

1 

11.3 

6.8 

7.4 

7.54 

10.9 

Nitrobenzene 

H 

8.6 

6.1 

4.1 

6.51 

6.7 

Rromobenzcno 

l 

4.7 

4.5 

3.0 

4.80 

6.7 

m-xyienc 

H 

3.0 

3.7 

4.8 

4.18 

13.0 

Benzene 

li 

2.3 

3.2 

5.0 

3.70 

15.6 

Aniline 

4 

1.1 

2.2 

4.0 

2.60 

18.2 

Chloroform 

5 

0.53 

1.57 

2.6 

1.83 

16.6 

Carbon  tetrachloride 

5i 

0.33 

1.24 

2.5 

1.49 

20.2 

Hexane 

51 

0.23 

1.06 

3.5 

1.41 

33.0 

Acetone 

6 

9.23 

1.07 

2.7 

1.34 

25.2 

easily  determine  the  relative  self-focusing  strength  of 
different  liquids  using  this  method.  With  the  laser  peak 
intensity  at  about  100  MW/cnt1,  we  measured  the  cell 
lengths  of  liquids  required  to  reduce  the  Raman  thresh¬ 
old  of  toluene  in  the  second  cell  by  5%.  The  results, 
together  with  ti}a  are  given  in  Table  I.  Note  that  the 
self -focusing  strengths  of  v  arious  liquids,  except  perhaps 
acetone  and  hexane,  follow  the  same  order  as  their 
optical  Kerr  constants. 

The  temperature  dependence  of  self-focusing  wrs 
investigated  by  varying  the  temperature  of  the  first 
cell  (15  cm  in  length).  The  second  cell  was  filled  with 
nitrobenzene  in  this  case.  The  results  for  a  few  liquids 
are  shown  in  Fig.  2.  It  is  seer,  that  the  self-focusing 
action  in  toluene  decreases  with  increase  of  tempera¬ 
ture.  This  holds  for  all  liquids  with  large  Kerr  constants. 
The  temperature  variation  is  similar  to  that  of  Raman 
and  Brillouin  threshold  of  liquid  in  a  single  cell.'  This 
supports  the  idea  that  stimulated  Raman  and  Brillouin 
scattering  in  these  liquids  are  initiated  by  strong  self- 
focusing  of  the  beam  into  hot  filaments.  However,  in 
acetone,  hexane,  and  carbon  tetrachloride,  self-focusing 
gets  sponger  with  increasing  temperature,  suggesting 
that  besides  the  Kerr  effect,  some  other  mechanism 
now  comes  into  play.  As  we  shall  show  in  the  next 
section,  the  contribution  of  forward  stimulated  Brillouin 
scattering  to  self-focusing  is  indeed  non-negligible  in 
these  liquids.  The  question  also  arises  on  whether  self- 
focusing  in  the  first  cell  would  eliminate  the  tempera¬ 
ture  dependence  of  Raman  threshold  in  the  second  cell. 
This  was  tested  by  using  a  15-cm  toluene  cell  with 
variable  temperature  preceded  by  a  nitrobenzene 
focusing  cell.  As  shown  in  Fig.  3.  the  temperature 
variation  of  Raman  threshold  in  toluene  changes  only 
slightly  with  the  focusing  cell.  The  reason  is  that  a 
major  part  of  self-focusing  of  the  beam  actually  happens 
not  in  the  first  cell  but  in  the  second  cell.  The  filaments 
have  not  yet  been  formed  in  the  first  cell.  The  tempera¬ 


ture  variation  in  toluene  did  nearly  vanish  when  the 
nitrobenzene  cell  was  above  its  own  threshold,  but  the 
results  become  less  meaningful  because  of  the  possi¬ 
bility  of  depletion  of  laser  power  by  stimulated  Raman 
and  backward  Brillouin  scattering  in  the  nitrobenzene 
cell. 

Wang”  has  shown  that  for  a  single  cell,  the  inverse 
Raman  threshold  length  varies  linearly  with  the  square 
root  of  the  laser  power.’  We  found  the  same  result  in 
CSj  and  nitrobenzene  at  relatively  low  power  level, 
as  shown  in  Fig.  4.  As  the  laser  power  increases,  the 
curves  start  to  deviate  from  the  straight  line.  This 
suggests  that  another  mechanism  for  self-focusing  may 
have  set  in  at  higher  laser  intensitv. 

Vi  e  are  also  interested  in  the  generation  of  stimulated 
Raman  and  backward  Brillouin  scattering  In  liquid  with 
strong  self-focusing  properties.  A  toluene  cell  was  used 
in  the  measurements.  One  of  the  interesting  anomalies 
resulting  from  self-focusing  and  self-trapping  is  the 
forward-backward  asymmetry  in  stimulated  Raman 
process.  Figure  5  shows  the  variation  of  the  first-order 
Stokes  power  as  a  function  of  the  cell  length  at  three 
different  laser  powers.  Note  that  the  forward-backward 
asymmetry  varies  with  the  cell  length,  although  the 
backward  Stokes  power  is  always  higher  just  above 


l«v#rv*  0*  threshold  Ifo^ih  (cm  •) 

Fic.  4.  Variation  of  the  square  root  of  Raman  threshohl  power  a-,  a 
function  of  inverse  of  the  cell  length  in  t'S,  and  nitrobenzene. 
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Fig.  5.  First-order  forward  and  backward  Stokes  power  versus 
the  cell  length  at  three  laser  powers,  I\ ~ 80,  P i=67,  and  Pi  =  5.5 
MW/cm*. 

threshold.  The  forward  Stokes  becomes  more  intense  at 
long  cell  lengths.  Care  was  taken  to  insure  that  the 
asymmetry  was  not  induced  by  reflection  from  windows. 
In  Fig.  6,  the  variarion  of  Stokes  power,  generated  from 
a  20-cm  toluene  cell,  as  a  function  of  laser  power  is 
given.  The  set  of  curves  on  the  left  corresponds  to  the 
case  where  a  2.5-cni  nitrobenzene  cell  was  inserted  in 
front  of  the  toluene  cell.  As  expected,  the  curves  look 
similar  to  those  of  Fig.  5.  The  variation  of  backward 
Brillouin  power  with  laser  power  is  also  incorporated 
in  Fig.  6. 


Lcser  power  (MW) 

Fig.  6.  Variation  of  Stokes  and  Brillouin  power  generated  in  a 
20-cm  toluene  cell  as  a  function  of  laser  power,  with  and  without 
a  2.5-cm  nitrobenzene  self-focusing  cell. 


Loser  power  (MW) 

Fig.  7.  Variation  of  Stoke*  and  Brillouin  power  with  laser  power 
in  15-cm  toluene  at  two  different  temperatures. 

Figures  7  and  8  give  the  variation  of  Stokes  and 
backward  Brillouin  power  with  the  laser  power  in 
toluene  and  hexane,  respectively,  at  two  different 
temperatures.  It  is  seen  that  at  the  higher  temperature, 
the  Raman  and  Brillouin  threshold  for  toluene  is 
higher,  but  as  the  laser  power  increases,  the  Brillouin 
radiation  finally  becomes  more  intense  than  the  one  at 
the  lower  temperature.  In  hexane,  the  Brillouin  radia¬ 
tion  has  lower  threshold  and  higher  power  at  the  higher 
temperature.  No  stimulated  Raman  radiation  from 
hexane  was  observed. 


1.4  1.8  2.4  i  0 


l V  .  •  ) 

Fig.  8,  \  ariation  of  Brillouin  power  with  laser  power  in  15-cm 
hexane  at  two  different  temperatures. 
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The  above  measurements  of  intensities  were  made  by 
using  silicon  photodiodes  and  a  Tektronix  555  oscillo¬ 
scope.  The  intensity  values  correspond  to  the  peak 
values  of  the  integrated  pulses.  The  temporal  structure 
of  the  generated  Stokes  and  backward  Briilouin  radia¬ 
tion  was  investigated  by  using  an  FW-114  photodiode 
and  a  Tektronix  519  oscilloscope.  Both  the  forward  and 
the  backward  Stokes  radiation  from  toluene  were  com¬ 
posed  of  short  pulses  of  about  UT9  sec  long,  in  partial 
agreement  with  observations  of  other  workers.18'24 
The  Briilouin  radiation  also  contained  short  pulses, 
somewhat  similar  to  what  was  observed  by  Maier  cl  al.,2i 
but  they  are  not  as  sharp  as  the  pulses  in  the  Stokes 
radiation.  Near  threshold,  both  Stokes  and  Briilouin 
radiation  consists  of  a  single  short  pulse.  Because  of  the 
short  cells  we  used  in  our  experiments,  the  depiction  of 
total  laser  power  in  the  Raman  and  Briilouin  generation 
was  not  nearly  as  much  as  in  the  case  of  Maier  et  alP 

III.  CALCULATION  AND  DISCUSSION 

Generally  speaking,  self-focusing  arises  as  a  result  of 
interaction  of  the  light  beam  with  the  density  variation 
and  molecular  reorientation  and  redistribution  in  the 
medium.  The  propagation  of  the  light  beam  in  liquid  is 
described  by  the  wave  equation 


In  this  case,  the  polarization  of  the  medium  can  be 
written  as 

P=x-E(r,<), 


where  terms  with  «i>1  arise  because  of  correlation 
between  molecules.21  The  nonlinear  polarization 
appears  as  a  result  of  change  in  p  and  am  induced  by  the 
light  fields. 

PNL(G  t)=l(dx/dp)Ap(i,l) 

+  (dx/dam)Aa,n(r,  f)]E(r,  /).  (3) 


The  density  variation  A p  obeys  the  acoustic  wave 
equation 


/  Id2  2ra\ 


-  ~z  v2 ! 


Here,  r=  (l/p/S)1/2  is  the  acoustic  velocity,  0  is  the 
isothermal  compressibility,  T  is  the  acoustic  damping, 
y  is  defined  as  y=p(dt/dp),  and  '  E  l2(r,  t )  is  the  slowly 


M.  Maier,  \V.  Kaiser,  and  J.  A.  Giordmaine,  Plus.  Rev. 
Letters  17,  1275  (1906). 

“  M.  Maier,  W.  Itolher,  and  W.  Kaiser,  Appl.  l’hys.  Letters  10, 
80  (1967). 


varying  part  of  A2(r ,/).  The  change  Acn,  reflecting 
variation  in  the  orientational  distribution,  is  governed 
by  the  equation21 

(d/a/+l/r)A«,(r,  1)=(A/t)  i  E  !2(r,  /),  (5) 

where  A  is  a  constant  inversely  proportional  to  tem¬ 
perature,  and  r  is  the  orientational  relaxation  time. 
Similar  equations  probably  govern  A a,„  which  are 
changes  induced  by  molecular  redistribution.  The 
relaxation  time  for  molecular  reorientation  and  redis¬ 
tribution  is  usually  rather  short  (~5X10“'1  sec).26  if 
we  limit  ourselves  to  the  low-frequency  variation  of 
r,  /),27  then  Aam(r,  t)  would  respond  almost  instan¬ 
taneously  to  |  E  {*{  r,  t) .  To  the  first  order,  we  can  write 

{dx/detm)  Aam=  (n/2ir)iha  |  |  E  !2(r,  /).  (6) 

m 

Self-focusing  should  therefore  be  described  by  the 
solution  of  Eqs.  (1),  (3),  (4),  and  (6).  If  both  A p  and 
I  E  |2  are  Fourier-analyzed,  then  each  Fourier  com¬ 
ponent  of  Ap  consists  of  two  parts.  The  part  in  phase 
with  the  driving  omponent  leads  to  change  in  the 
(real)  refractive  index:  This  is  known  as  clectrostriction. 
The  part  90°  out  of  phase  with  the  driving  component 
leads  to  stimulated  Briilouin  scattering.  From  Eq.  (4), 
we  find  that  the  clcctrostrictive  part  is  given  approxi¬ 
mately  by 

(7) 

It  can  easily  be  shown  that  for  a  Gaussian  beam  of 
radius  H  and  pulse  duration  5,  the  first-order  solution 
of  Eq.  (7)  with  rKOo  yields  at  the  peak  of  the  laser 
pulse, 

(dx/dp)  Ap~  ( «r!52/4sr„2)  r.i,  |  E  |2,  ( 8) 

where 

tiiP=y2@/$rn. 

This  is  because  the  spatial  density  variation  cannot 
follow  the  rapid  change  in  the  laser  intensity,  so  that 
the  —V2  term  is  small  compared  with  the  dl/dP  term  in 
Eq.  (4).  For  liquids  under  investigation,  n2„  is  about 
1  to  10  times  «?„.  With  rftJlQ5  cm/scc,  5^10“*  sec,  and 
roKcO.l  cm,  one  sees  immediately  from  Eqs.  (6)  and 
(8)  that  the  clcctrostrictive  effect  is  negligible  com¬ 
pared  with  the  Kerr  effect,  and  hence  is  not  responsible 
for  the  temperature  variation  of  self-focusing  in 
liquids. 

Even  if  the  elect  restrictive  effect  is  neglected,  it  is 
still  difficult  to  find  an  analytical  solution  from  the 

54  C.  W.  Cho,  X.  D,  I'oltz,  1).  II.  Rank,  and  T.  A,  Wiggins, 
Phvs.  Rev.  Letters  IS,  107  (1967). 

v  Stimulated  Ravleigh  scattering  with  a  large  frequency  shift 
may  tie  less  important  for  self-focusing,  since  it  is  essentially 
initiated  at  the  noise  level. 
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above  equations  to  describe  self  focusing.  However,  as 
we  mentioned  earlier,  self-focusing  can  be  described  by 
the  amplification  of  Fourier  components  propagating 
in  the  off-axis  direction. 

Let  us  assume  a  plane  wave 

Eo = a  £o  expC&o'  r  -  ml]  (9) 

as  the  pump  field  propagating  in  the  medium  along  the 
t  direction.  We  are  interested  in  the  amplification  of  a 
weak  wave  E,  with  wave  vector  k,  and  frequency 
Bespalov  and  Talanov4  and  Chiao  el  air*  show  that  the 
change  of  refractive  index  (essentially  due  to  Kerr 
effect)  actually  induces  an  exponential  gain  for  the 
amplification  of  E,. 

ga=k„ ,[-  (*„A)i+2(«2/«o)So1]1,,>  (10) 

assuming  («o— w,)<3Cl/r.  It  turns  out  that  the  e-folding 
length  for  the  growth  of  E,  with  k,z  -  2/d  is  just  the 
self-focusing  distance  z |0C  of  a  beam  with  a  diameter 
d,  if  (*»/W*«2(fn/»n)fi o*. " 

Sfo.=<f/2[2(V«o)S«,]-I',‘  (11) 

The  optimum  gain  is 

(g«)0 P<.=ko(nt/thW  (12) 

which  occurs  at  ( &«)  opt = £ol]1/s.  As  So1  in¬ 
creases,  (gs)opt  would  finally  become  much  larger  than 
the  gain  at  kn-2/d.  Then,  one  may  find  that  in  a 
distance  less  than  Zf0«,  the  wave  E,  with  (k„)opt 
becomes  stronger  than  E,  with  k.t=2/d,  although 
initially  the  former  is  much  weaker  than  the  latter. 
The  actual  self-focusing  distance  would  then  become 
smaller  than  Zi«,4  and  would  depend  on  £o~in  with 
$<»<1.  This  is  likely  to  happen  in  liquids  with  large 
Kerr  constants.  As  an  example,  we  have  «*= 1.13X  10~" 
for  CSt.  For  a  100-MW/cml  beam  with  d =0.1  cm,  and 
S0,=8X105  esu,  we  find  (g«)op«=0.92  and  (g«)*„_j/d= 
0.067.  This  probably  explains  why  in  Fig.  4  the  inverse 
of  the  self-focusing  distance  depends  on  the  laser 
intensity  as  P*  with  «>|  at  high  intensity.  For 
liquids  with  small  Kerr  constants,  (g«)oP«  is  not  very' 
different  from  (g*)*.._ v*  even  at  an  intensity  of  100 
MVk/cm*. 

The  weak  wave  E,  can  also  be  amplified  through 
forward  stimulated  Brillouin  scattering,  governed  by 
the  coupled  equations 

( -  V5— 6i,5«,/cJ)  E,  =  (4to),s/cj)  (y/ iirp)  £oAp*, 

( -  V-coJ/V-  t2w,0r/ts)  Ap*  =  -  (y/M)  V»(  EfE.) , 

(13) 

with  w,+«»e=«o.  For  scattering  in  the  near-forward 


»R,  Y.  Chiao,  P.  L.  Kelley,  and  E.  Garmire,  Phys.  Rev. 
Letters  17,  1158  (l966). 


direction,  k,4-k.0=kn,  the  Brillouin  powei  gain  is2” 

fr-(*.r/r*,.)+[(Jk1rM«)*+f«.*7W/32«*)]'«. 

(14) 

Ordinary  liquids  have  y~l  and  /9~10 Therefor;,  at 
the  same  laser  intensity,  ga  would  be  much  greater 
than  g«,  if  the  laser  beam  were  continuous. 

In  practice,  however,  the  Q-switched  laser  generates 
a  short  pulse  of  pulse  width  i.  The  amplification  of  E, 
due  to  Kerr  effect  is  still  given  by  Eq.  (10)  with  &oJ 
replaced  by  8o *(/),  since  the  response  of  Kerr  effect  to 
SosU)  is  almost  instantaneous.  The  Brillouin  gain,  on 
the  other  hand,  is  greatly  reduced.  To  estimate  the 
reduction,  let  us  assume  that  E0  and  E,  are  infinite 
plane  waves  whi/'h  can  be  represented  by 

m 

Eo=AoA«  2^  cxp[f (aJo-fwAa))  ( moAv  r/r—  f) ],  (15) 
A 72 

m 

E,=  JL  A,m(s)Aw e.\p[t(«.+  mA«) />], 

m — JV/I 

where  iVAw=l/5  and  ^oAw=(6o)i.i»x/-V.  Then,  the 
driving  term  for  Ap  in  Eq.  ( 13)  with  wave  vector 
k»0=  (w0nvko-b>.njc.)/c  and  frequency  w.c=<uo— «.  is 

+  (t78ji «*)*„*  ^  j40A,m(Aw)*  exp[fk,eT— iw»c<] 

m—NH 

for  sufficiently  large  Au>.  The  coupling  of  Ap  with  the 
N  frequency  modes  A.m  of  E,  leads  to  (iV-fl)  coupled 
equations,  whose  solution  is  of  the  form 

Am(z)=  £  C,  exp(g,z) , 

i 

where  g,  are  the  eigenvalues.  The  maximum  g,  gives 
the  reduced  Brillouin  gain,  which  can  be  show  n  to  be 

ga=  -  (£.i'/r£.c)  +[(£.r/tfc.c)s 

+  (w,2y)35Aw/  32  ire1)  (16) 

csi  (w,V/M„JAw/i  (Airt?k,Y)  Som.xS. 

This  gain  would  remain  roughly  unchanged  for  a  beam 
of  finite  cross-section  (d».\).  Obviously,  for  ga<  Y/v, 
we  should  take  Ao*~r.  Then,  with  a  100-MW/cm*  laser 
beam  of  d=0.1  cm  and  i=2X10~*  sec,  the  Brillouin 
gain  at  k.z=2/d  in  CS,(-y=2.2,  d=0.('?X101#)  is 
gfl~4.6Xl0"3.  This  gain  is  small  compared  with  the 
gain  gR  due  to  Kerr  effect  in  CSj,  but  in  media  with 
small  Ferr  constants,  it  can  be  important.  We  believe 
that  this  forward-stimulated  Brillouin  scattering  is 
responsible  for  the  temperature  dependence  of  self- 
focusing  in  chloroform,  CCI<,  hexane,  and  acetone  as 
shown  in  Fig.  2. 

"  Y.  R.  Shen  and  N.  Bloembcrgen,  Phys.  Rev.  137,  A1787 
(1965).  Here,  the  solution  is  actually  valid  only  for  scattering  at 
a  sufficiently  large  angle  such  that  £«/if»gs/*w. 


163 


Y.  R.  SHEN  AND  Y,  J.  SHAUAM 


230 


Since  the  total  gain  for  E,  is  5~5ft+5/i,  the  tem¬ 
perature  dependence  of  g  at  k,x--2/d  is 

Jg/dTot-gn/lT+gndWdT,  (17) 

assuming  that  the  temperature  dependence  of  quanti¬ 
ties  other  than  «2a  and  /S  in  g  can  be  neglected.  Figure  2 
shows  dg/dT =0  for  chloroform  at  about  100  MW/cm!. 
With  £r=1.57X10~2  and  dp/PdT=QM  *°  for  chloro¬ 
form  at  jT=300°K,  we  should  have  58  =  2.62X10'*. 
Equation  (16)  with  7=1.27,  and  /3=10“10  for  chloro¬ 
form  gives  58  =  1.7X10“*.  In  Table  I,  we  calculated  g« 
and  5.j  at  k,x  —  2/d  for  various  liquids,  using  the  experi¬ 
mental  g/t  for  chloroform  as  reference  and  assuming  the 
same  dependence  of  50  on  7,  /3  and  «  (Ref.  30)  as  in  Eq. 
(16).  Then,  with  Eq.  (17),  one  can  easily  show  that 
for  CCh,  hexane,  and  acetone,  dg/dT>  0,  and  for  other 
liquids  in  the  table  besides  chloroform,  dg/dT <0  in 
agreement  with  our  observation. 

Experiments  on  stimulated  Raman  scattering  in 
liquids  show  many  anomalous  effects,*1  such  as  the 
anomalous  gain,32  spectral  broadening,’  class-II  anti- 
Stokes  radiation,33  etc.  Most  of  the  anomalous  effects 
can  now  be  explained  by  self-focusing  and  self-trapping. 
Nevertheless,  the  anomalous  forward-backward  asym¬ 
metry  in  the  Stokes  radiation  has  not  yet  received  a 
satisfactory  explanation,  although  it  is  believed  that 
this  must  also  be  a  consequence  of  self-focusing  and 
self-trapping. 

In  the  self-trapped  region  essentially  all  the  Stokes 
radiation  is  generated  in  the  self-trapped  filaments. 
Absi'vw  (bwf  iraSwidtw)  U  iijMttl  IrOtn  the 

surrounding,  and  the  Stokes  generation  in  each  filament 
can  be  described  by  the  steady -state  equations34: 

d.Y,j.-/dz=ovYi(.\ 

d.A  ,s/dz  =  —  c.Vj(At/b+  1), 

d.\  i/dz  =  —  <r(A  jA,r+.\  j.\ ,«) ,  ( 18) 

with  .Y,f(0)  =N,k(L)  =0,  where  ,Y ,(z),  X,f{z),  and 
.YlB(z)  are  the  average  photon  numbers  per  unit  length 
for  laser,  forward,  and  backward  Stokes  fields,  respec¬ 
tively,  and  <r  is  the  scattering  coefficient.  Then,  the 
solution  of  Eq.  ( 18)  is 

.Y.,(/.)  =.Y./,(0) 


*  International  Critical  Tablet,  National  Research  Council, 
(McGraw-Hill  Book  Co.,  New  York,  1930).  Handbook  of  C’emis- 
Iry,  edited  bv  N.  A.  Lange  (Handbook Publishers,  Inc.,  Sandusky, 
Ohio,  1956). 

11  See,  (or  example,  B.  P.  Stoicheff,  Phvs.  Letters  7, 186  (1963). 
“  F.  j.  McClung,  W.  G.  Wagner,  and  D.  Weiner,  Phys.  Rev. 
I  .Liters  IS,  96  (1965). 

33 E.  Garmire,  l’hvs.  Letters  17,  251  (1965). 

31  R.  W  Hcllwart'h,  Phys.  Rev.  130,  1850  (1963). 


which  shows  that  the  forward-backward  symmetry  in 
the  Stokes  generation  would  persist. 

The  observed  forward-backward  asymmetry  suggests 
that  the  filaments  are  not  isolated.  The  Stokes  radiation 
generated  elsewhere  in  the  medium  is  expected  to  self- 
focus  together  with  the  laser  beam  into  the  self-trapped 
filaments.  Generally,  this  would  increase  the  rate  of 
forward  Stokes  generation  in  the  filaments.  In  fact,  the 
Stokes  generation  in  the  filaments  is  perhaps  a  transient 
rather  than  a  steady-state  phenomenon.  As  we  men¬ 
tioned  earlier,  the  Stokes  radiation  appears  as  a  series 
of  sharp  pulses.  It  was  suggested  that  each  filament 
lasts  not  much  longer  than  10~ 10  sec.18  The  Stokes 
generation  in  a  filament  is  therefore  described  by 

(d/dz+tt-d/cdl)  X,  =  ~<jX,(X,f+X,h) , 

(t)/ dz-{-n,d/cdt)  X,F = ir,V|(  A7,y+ 1 ) , 

( d/dz — njb/t cdt)  N,u  —  —  aXi(  X,b-\-  1 ) ,  ( 20) 

neglecting  other  nonlinear  processes  in  the  filament. 
The  solution  of  Eq.  (20)  is  difficult,  but  it  can  be  shown 
that  when  the  laser  peak  power  is  highly  depleted  in 
the  Stokes  generation,  and  XlF(z=0)  is  not  too  much 
larger  than  X,B(z=L),  where  L  is  the  length  of  the 
fUfaiAt,  i peak  mii.iL3iiy  of  A  ,n  Call  oe  tn«ny  lm.es 
higher  than  that  of  XcF.u  T  his  would  then  enhance  the 
bac'  ard  Stokes  radiation.  Of  course,  the  reverse  will 
be  true  if  AT,f(z=0)  is  sufficiently  larger  than  X,,i(z  =  L ) . 
Because  of  our  lack  of  knowledge  on  how  the  self- 
tr.+'t^d  filaments  are  formed,  and  because  of  other 
nonlinear  processes  in  the  filaments,  it  is  quite  im¬ 
possible  to  describe  the  analytical  details  of  stimulated 
Raman  scattering  in  liquids.  However,  on  the  basis  of 
what  we  have  just  discussed,  we  can  explain  qualita¬ 
tively  the  observed  forward-backward  Stokes  asym¬ 
metry  (Fig.  5).  After  the  laser  traverses  a  distance  sr 
(the  self-focusing  length)  in  the  liquid,  filaments  start 
to  show  up.  The  average  number  of  filaments  IF(z) 
increases  with  distance  z  rapidly,  say 

W(z)=  exp[/(z-z/)] 

and  the  laser  input  into  individual  filaments  is  nearly 
a  constant  depending  only  on  the  properties  of  the 
liquid.  Because  of  self-toeusing  of  Stokes  radiation,  we 
would  expect  that  A>(z=Zo)  > ,Y,B(z=So+L)  for  a 
filament  initiated  at  Zo,  and  that  .Y.,f(z=^:)  increases 
with  So  and  the  laser  intensity  in  the  nontrapped  region. 
Thus,  when  the  ell  length  is  increased  above  z<,  both 
forward  and  backward  Stokes  radiation  begin  to  be 
generated  in  the  filaments  with  extremely  high  gain 
before  saturation  in  the  Stokes  generation  sets  in.  This 
appears  as  a  sharp  threshold  for  the  stimulated  scat¬ 
tering.  After  saturation  sets  in,  the  backward  Stokes 
radiation  would  become  more  intense  than  the  forward 
as  a  result  of  transients,  if  X,F(z-z,,)  is  not  too  much 
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larger  than  iV,«(s=So+L).  As  the  cell  length  is  in¬ 
creased  further,  more  filaments  show  up,  and  the  in¬ 
crease  of  X,p(z=Zfi)  with  So  enhances  the  forward 
Stokes  generation  in  these  filaments.  The  Stokes 
intensity  in  the  forward  direction  now  grows  faster 
than  in  the  backward  direction.  Eventually,  for  a 
sufficiently  long  cell,  the  forward  Stokes  radiation  will 
become  more  intense  than  the  backward  Stokes,  al¬ 
though  the  reverse  is  true  near  the  threshold.  This 
explains  the  crossover  of  the  forward  and  the  backward 
Stokes  curves  in  Fig.  5.“  Since  A’«f(s“S»)  also  increases 
with  the  intensity  of  the  laser  beam,  the  crossover 
would  appear  closer  to  the  threshold  length  for  higher 
laser  intensity  as  we  have  observed.  A  similar  argument 
explains  the  quai  ,tive  behavior  of  the  Stokes  curves 
in  Figs.  6  and  7,  if  we  remember  that  the  self-focusing 
distance  z y  in  toluene  is  nearly  proportional  to  the 
square  root  of  laser  intensity.’  In  Fig.  6,  the  nitro¬ 
benzene  focusing  cell  helps  the  self-focusing  action  in 
toluene,  enhances  slightly  the  forward  Stokes  intensity 
with  respect  to  the  backward  Stokes,  and  hence  brings 
the  crossover  point  closer  to  threshold.  Since  most  of 
the  Stokes  amplification  comes  from  the  self-trapped 
region,3*  the  slight  change  in  the  threshold  would  not 
affect  greatly  the  Stokes  generation  above  threshold. 
The  two  sets  of  Stokes  curves,  with  and  without  the 
focusing  cell,  look  very  much  alike  except  that  one  is 
shifted  from  the  other.  The  Stokes  curves  in  Fig.  7, 
however,  seem  to  indicate  the  fact  that  the  Stokes 
amplification  is  greater  at  lower  temperature  because 
of  a  smaller  Raman  linewidth. 

The  sharp  rise  of  the  Brillouin  curves  near  Raman 
threshold  in  Figs.  6  and  7  show  that  the  stimulated 
Brillouin  scattering  in  toluene  is  also  initiated  b\  th ' 
appearance  of  self-trapped  filaments.  Nevertheless. 

*  The  qualitative  features  of  Fie.  5  can  !)••  obtained  ii  we  assume 
that  the  Stokes  radiation  Generated  in  earn  filament  is  approxi¬ 
mated  by 

A,y(s»+/.)  =  A«r(ro)  expfjL)  | 

,  0<L<L„, 

A ’.e(-e)  =  txpfj'Z.)  j 

Aiy  (*»+/>)  “  A,?(s«I.Y  m  QA'.ffiol  +/A .« f  “e  -i  L'  j. 

A’.s  (is)  “  C, 

Um *”  ( 1  /fi )  ln|A'i«/[A,f(rj)+/.V,ftfeor /-)]!. 

S'-  (1//-,.,1  InCC/iV,* (*+!)], 

and  A'.rfio),  A'.b(:«+I.),  s, /,  anti  C  are  numerical  constants 
properly  chosen. 

*  The  Stokes  gain  in  the  nontrapped  region  is  only  about 
0.2S  cm-1  even  for  a  100  MW/crn1  laser  Leant.  See  Ref.  29. 


since  the  lifetime  of  ti  e  filaments  is  short,  the  Brillouin 
generation  in  these  ftla  units  is  greatly  reduced.  Thus, 
relatively,  the  Brillouin  amplification  in  the  nontrapped 
legion  is  much  more  important  than  in  the  Stokes  case. 
It  has  a  steady  slate  gain  of  0.7  cur*  for  a  100  MW/cm* 
laser  beam.57  This  large  gain  is  presumably  responsible 
for  the  higher  Brillouin  intensity  than  the  Stokes.  T!  - 
Brillouin  amplification  in  the  nontrapped  region  could 
explain  the  cross  over  of  the  two  Brillouin  curves  in 
Fig.  6  with  and  without  a  focusing  cell.  At  sufficiently 
high  laser  intensity,  the  Brillouin  amplification  in  the 
nontrapped  region  would  dominate  over  the  Brillouin 
generation  in  the  filaments.  Since  the  Brillouin  ampli¬ 
fication  depends  positively  on  the  isothermal  com¬ 
pressibility  d,  which  increases  sharply  with  tempera- 
tine,  the  Brillouin  intensity  is  expected  to  be  higher 
at  higher  temperature,  just  as  shown  in  Fig.  7,  although 
the  threshold  lit  toluene  at  higher  temperature  is  higher. 
In  hexane,  there  is  no  evidence  of  the  presence  of 
filaments.  'Fite  Brillouin  curves  in  Fig.  S  also  give  no 
indication  of  sharp  threshold.  It  is  believed  that  in 
hexane  the  effect  of  self-focusing  and  self-trapping  on 
stimulated  Brillouin  scattering  should  be  negligible. 
Then,  since  the  Brillouin  amplification  increases  with 
temperature,  the  Brillouin  radiation  should  have  higher 
intensity  and  hence  a  lower  apparent  threshold  at 
higher  temperature,  as  shown  in  Fig.  8. 

IV.  CONCLUSION 

In  most  organic  liquids,  the  optical  Kerr  effect  is  the 
dominant  mechanism  for  self-focusing.  However,  the 
Kerr  effect  fails  to  explain  the  fact  that  the  self-focusing 
strength  increases  with  temperature  in  liquids  such  as 
CCfi,  hexane  and  acetone.  For  a  (^-switched  laser  pulse, 
the  electrostrictive  contribution  to  self-focusing  is  often 
negligible.  It  is  concluded  that  forward  stimulated 
Brillouin  scattering  should  be  responsible  for  the  tem¬ 
perature  effect  in  these  liquids.  Self-focusing  and  self¬ 
trapping  affect  drastically  the  stimulated  Raman  and 
Hrillottin  scattering  in  liquids.  The  increase  of  number 
of  self-trapped  filaments  with  cell  length  and  laser 
intensity,  together  with  self-focusing  and  transient 
effects,  explains  qualitatively  the  observed  forward- 
backward  asymmetry  ir.  the  Stokes  generation.  Other 
qualitative  features  in  the  stimulated  Raman  and 
Brillouin  scattering  can  also  be  explained. 

57  Sec  Kef.  29.  The  acoustic  damping  used  to  calculate  the  train 
is  taken  from  K.  V.  Citiao  and  P.  A.  Kiuery,  in  Proceedings  of  Con¬ 
ference  mi  Physics  of  Quantum  Electronics.  Puerto  Rico,  1065, 
edited  bv  P.  L  Ke-fie-v,  ct  al.  (McGraiv- -Hill  Book  C’o.,  New  York. 
!966),,;.24t. 
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ABSTRACT 

^well-known  convolution  technique  was  used 
to  measure  subnanosecond  pulses  generated  from 
filaments"  in  a  self-focused  heam.  The  results 
shoved  that  In  toluene,  the  pulse  width  varied 
from  200  to  100  psec  or  less,  and  the  peak  power 
was  about  30  kvatts. 

Research  supported  by  the  U.  S.  Office  of  Naval  Research  under 
contract  No.  Nonr-3656(32). 
t  A,  P,  Sloan  Research  Fellow 


1  2 

Self -focusing  of  an  intense  light  beam  *  in  a  nonlinear  medium  has 
recently  attracted  much  attention.  In  some  liquids ,  direct  time-integrated 
photographs  shov  that  a  self-focused  beam  would  break  into  small-scale 
’’filaments”  of  few  microns  in  diameter.  *  Brewer  et  al?  found  that  a 
"filament”  in  CS^  has  a  lifetime  less  than  10”*^  sec.  and  a  peak  intensity 
larger  than  10  KW.  For  theoretical  interpretation,  more  accurate  infor¬ 
mation  about  the  duration  and  the  intensity  of  a  "filament"  is  o f 
prime  Importance.  However ,  most  of  the  common  techniques  for  subnanosecond 
pulse  measurements  are  not  easily  applicable  to  the  measurements  of 
filament  pulses.  The  combination  of  a  fast  diode  and  a  Tektronix  519 
oscilloscope  has  a  limited  time  constant  of  300  psec  or  more.^  The 

tvo-photpn  fluorescence  technique^  requires  an  intense  beam  of  fairly 

*  7 

large  cross-section.  The  eecond-harmonic  correlation  technique  needs, 
in  addition,  a  large  number  of  roughly  identical  pulses.  In  this  letter, 

we  would  like  to.  Introduce,  the  well-known  convolution  technique  for 

....  *  • 

•ubnanosecond  pulse  measurements.  We  also  present  results  of  the  first 
accurate  measurements  on  the  duration  of  filament  pulses. 

*  If  the  response  of  a  linear  system  to  e.  C-function  is  g(t),  then 
the  response  to  an  arbitrary  function  s(t)  is  given  by  the  convolution 
integral 

B(t)  ■  £h(t)  a(t-x)  dT  (1). 

bowing  R(t)  and  gft)  one  can, 'in  principle,  determine  s(t)  from  the 
Integral.  This  convolution  technique  is  similar  to  that  used  In 
spectroscopy  to  recover  he  true  spectral  lineshape  from  the  observed 
spectrum.  In  our  case,  the  linear  system  consisted  of  an  ITT  yU0l8 


photodiode  in  connection  with  a  Tektronix  519  o.  illoscooe,  *  r,vi.i=  . 
amount  of  load  resistance  and  capacitance  was  inserted  in  the  photodiode 
housing  to  make  the  system  weakly  underdamped.  The  overall  system  has 
a  time  constant  of  about  1*00  psec.  To  approximate  the  6-function,  ve 
used  the  mode-locked  pulses  from  a  Rd-glass  laser.  Two-photon  fluorescence 
measurements  on  these  pulses  yielded  a  value  of  8  ±  3  psec.  for  the 
pulse  width.  The  re  ±,onse  function  g(t),  obtained  directly  from  the 
oscilloscope  trace  of  the  system  response  to  such  a  mode-locked  pulse, 
is  shown  in  Fig.  la. 

All  oscilloscope  traces  were  taken  at  a  sweep  rate  of  2  nsec/div, 

(5  mm/div.  on  the  polaroid  pictures).  The  linearity  of  the  sweep  rate 

was  calibrated  to  within  1.5Jf.  The  oscilloscope  traces  were  measured 

8 

hy  a  cross-feed  manipulator,  with  an  accuracy  of  1  p  in  both  coordinates. 
However,  the  major  source  of  error  in  the  measurements  still  came  from 
reading  the  traces  from  the  pictures.  The  uncertainty  was  typically 
±0.Q5  to  ±0.15  mm  for  different  parts  of  the  trace  depending  on  its  slope. 
Computer  calculation  of  Eq.  (l)  was  then  performed  to  match  the  observed 
response  function  R(t)  by  using  g(t)  of  Fig.  la  and  hy  adjusting  the  vi-'-'- 
and  the  shape  of  s(t)  using  a  Voigt  function. 

We  applied  this  technique  to  the  measurements  of  "filament"  pulses. 

A  beam  of  0.75-mm  diameter  from  a  single-mode  Q-switched  ruby  laser  was 
sent  through  a  33-cm  toluene  cell.  For  laser  power  above  the  self-focusing 
threshold,  photographs  of  the  beam  cross-section  at  the  end  of  the  cell 
showed  an  intense  bright  spot  of  10  ±  2  y  in  diameter.  Diffracted  light 
from  the  spot  vss  detected  by  the  fast  photodiode.  Figure  lb  shows  an 
oscilloscope  trsce  of  s  typical  "filament"  pulse  obtained  at  laser  power 
close  to  the  self-focusing  threshold.  We  found,  from  computer  calculation 


k 

of  Eq„  (l),  that  the  corresponding  true  pulse  s(t)  has  a  full  wioth  at 

half  maxima  of  190  ±  30  psee ,  with  ar  .asymmetric  pulse  shape  fairly  well 

c.::termined  as  shown  in  the  insert  of  Fig.  lb.  At  higher  input  power,  the 

oscilloscope  trace  of  a  typical  "filament"  pulse  is  shown  in  Fig.  lc. 

We  found  in  this  case  that  s(t)  has  a  full  width  of  100  ±  60  psee.  Here, 

the  inaccuracy  arose  i  ..inly  because  of  uncertainty  in  the  pulse  shape  of 

s(t).  The  same  difficulty  exists  in  two-photon  fluorescence  and  second¬ 
er 

harmonic  correlation  techniques.  The  insert  in  Fig.  lc  shows  that  s(t) 
assumes  very  different  widths  depending  on  whether  it  is  Gaussian  or 
Lorentzian.  If  the  shape  of  sCtJ  were  known,  the  accuracy  in  determining 
the  pulse  width  would  he  as  good  as  ±  15  psec .  The  observed  "filament" 
pulse  width  would  appear  to  decrease  with  increasing  input  power  if  we 

f  • 

assumed  that  the  pulse  shape  remained  roughly  unchanged.  The  peak  powers 

% 

*  all  "filament"  pulses,  estimated  from  the  energy  content  in  the  pulses, 
were  about  30  KW  vithijj  a  factor  of  2.  Measurements  on  "filaments"  in 
CSg  yielded  essentially  the  same  results  with  peak  power  at  around  8  KW. 

As  an  independent  check  on  duration  and  intensity  of  the  "filaments" 
ire  used  the  method  suggested  by  Mayer.  Let  I^Cx^t)  he  the  intensity 
of  second  harmonics  generated  from  a  thin  XDP  crystal  by  a  nearly  parallel 
beam  of  intensity  I^Or ,t) .  Then,  the  energy  in  the  fundamental  and  the 
second-harmonic  pulses  are  given  respectively  by 

-  /iJl.tldAdt 

-  C/Ift2Cr.OdAat 

where  the  constant  coefficient  C- is  obtained  from  the  known  effeclency 
of  the  second -harmonic  generation  process.  Simultaneous  measurements  of 


PW  and  p2u  would  determine  both  the  pulse  width  and  the  peak  intensity  if 
the  functional  form  of  ijr.t)  is 'known.  In  our  experiments,  the  constant 
C  was  determined  by  measuring  the  second-harmonic  generation  from  a  KDP 
crystal  using  the  input  laser  beam.  Applications  of  the  above  method 
to  the  "filament"  pulses  generally  yielded  for  the  pulse  width  a  value 
which  is  within  a  fs  tor  of  two  compared  with  that  obtained  from  the 
convolution  technique.  This  Tnethod  Is  inherently  much  less  accurate 
than  the  convolution  technique. 

This  convolution  technique  can,  of  course,  be  applied  to  measure- 

*  *•  •  •  •  m 

ments  of  other  aubnanosecond  pulses,  such  as  stimulated  daman  pulses. 

Fron  the  experience  in  our  computer  calculation,  we  noticed  that  rough 
measurements  over  a  few  key  points  Cincluding  the  two  maxima,  the  minimum 
etc.)  are  usually  sufficient  to  determine  the  pulse  shape  and  width  with 
an  accuracy  somewhat  less  than  what  we  stated  earlier.  This  technique  is 
especially  sensitive  t<^ the  variation  in  the  pulse  wing.  For  instance, 
we  found  that  it  was  very  useful  to  have  this  technique  supplement  the 
two-photon  fluorescence  technique  to  assure  thrt  the  mode-locked  pulses 
were  "clean"  without  appreciable  ripples  at  the  wings. 
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Fig 


1*  0scill°scoPe  traces  of  the  system  response  to  various  light 
pulses.  The  system  vas  composed  of  an  ITT  F^0l8  photodiode  in 
Connection  with  a  Tektronix  519  oscilloscope. 

S>  A  mode-locked  pulse  0/  8  ±  3  psec  In  pulse  width  from  a 
Nd -glass  laser. 

b)  A  "filament"  pulse  with  a  pulse  width  of  190  ±  30  psec  and  an 
Asymmetric  pulse  shape  as  shown  in  the  insert. 

c)  A  "filament"  pulse  with  a  pulse  width  of  100  ±  60  psec.  The 
inaccuracy  is  due  to  uncertainty  in  the  pulse  shape.  The 
insert  shows  that  the  pulse  width  could  be  very  difficult 
depending  on  whether  the  pulse  is  Gaussian  or  torentzian. 

The  circles  indicate  results  of  computer  calculation  of  E<*.  Cl), 
taking  the  mode-locked  pulse  as  an  S-functlon. 
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SMALL-SCALE  FILAMENTS  IN  LIQUIDS  AND  TRACKS  OF  MOVING  FOCI* 

Michael  M.  T.  Loy  and  Y.  R.  Shent 
Physics  Department,  University  of  California,  Berkeley,  California  1)4720 
(Received  13  March  1969) 

Experimental  results  show  that  the  small-scale  filaments  in  liquid,  obtained  with  a 
single-niode  laser,  are  composed  of  continuous  scries  of  focal  spots.  Many  related  ob¬ 
servations  arc  shown  to  be  consistent  with  the  picture  of  moving  foci. 


Experimental  observation  on  sclf-focusing  of 
laser  light  in  liquids  has  shown  that  the  self-fo¬ 
cused  beam  would  eventually  break  into  Intense 
filaments  a  few  microns  in  diameter. :>s  The  ex¬ 
istence  of  these  filaments  has  recently  attracted 
much  attention.  They  have  been  attributed  to 
self -trapping  predicted  by  Chiao,  Garmire,  and 
Townes.3  Recent  experiments4  on  spectral  broad¬ 
ening  in  filaments,  obtained  by  using  an  inhomo¬ 
geneous,  multimode  laser,  seem  to  support  this 
assertion.  Lugovoi  and  Prokhorov5  however  sug¬ 
gest  that  in  some  situations  filaments  are  simply 
tracks  of  moving  foci,  in  accordance  with  time 
variation  of  the  input  laser  intensity.  In  this  pa¬ 
per,  we  would  like  to  present  some  experimental 
evidence  that  filaments  obtained  with  a  single¬ 
mode  laser  are  actually  composed  of  a  continu¬ 
ers  time  series  of  focal  spots.  We  also  show 
that  many  effects  inherently  related  to  self-focus¬ 
ing  are  consistent  with  the  picture  predicted  by 
Lugovoi  and  Prokhorov. 

A  single-mode  ruby  laser,  Q  switched  by  cryp¬ 
tocyanine,  was  used  in  the  experiments.  The 
bean  was  passed  through  a  0.75-mm  pinhole  be¬ 
fore  propagating  into  the  liquid  cell  In  order  to 
assure  maximum  spatial  homogeneity.  A  typical 
oscilloscope  trace  of  input  pulses  is  shown  in 
Fig.  1(a)  together  with  the  Fabry-Perot  pattern 
in  Fig.  1(b).  “Filaments”  or  moving  focal  spots 
were  observed  by  focusing  a  camera  at  the  end 
of  the  cell.  In  most  cases  only  one  “filament”  ap¬ 
peared  [Fig.  1(c)];  occasionally,  there  were  two, 
when  the  Input  laser  power  was  exceptionally 
high.  This  is  in  clear  contrast  to  the  results  ob¬ 
tained  with  a  multimode  laser,  where  tens  or 
even  hundreds  of  filaments  are  frequently  ob¬ 
served  on  each  picture.4  As  the  laser  power  was 
increased  from  below  to  above  the  self-focusing 
threshold,  the  photograph  first  showed  a  bright 
spot  of  about  50  n  in  diameter,  which  gradually 
became  more  intense  and  shrank  to  a  more  or 
less  limiting  "filament”  size  (10 i  2  p  in  diameter 
in  toluene  and  5 1 1  n  in  CSa).  The  pulse  emitted 
from  the  filament  was  detected  by  an  ITT  F4018 
photodiode  in  combination  with  a  Tektronix  Model 


No.  519  oscilloscope.  A  1  -mm  disk  was  inserted 
somewhere  in  front  of  the  photodiode  to  block  off 
the  background  of  non-self -focused  laser  light.1 
The  pulse  duration  was  then  measured  by  the  con¬ 
volution  technique.1  The  results  on  toluene 
showed  that  with  increasing  input  laser  power, 
as  the  bright  spot  shrank  from  50  p  to  the  limit¬ 
ing  10-**  "filament”  size,  the  pulse  duration 
changed  from  1  nsec  to  200  pscc,  and  then  as 
the  “filament”  size  remained  unchanged,  the 
pulse  duration  continued  to  shorten  to  less  than 
100  psec.  While  the  pulse  became  shorter,  the 
energy  content  in  the  pulse  decreased  according¬ 
ly,  but  the  peak  intensity  in  the  limiting  “flip.  - 
ment”  remained  roughly  constant  at  30  GW/cm*. 
Spectral  analysis  with  spectograph  and  Fabry- 
Perot  on  the  "filament”  pulses  yielded  a  line- 
width  of  less  than  1  cm”1. 

These  results  are  consistent  with  the  picture 
of  '‘filaments”  formed  by  moving  foci.  On  the 
other  hand,  it  would  be  rather  difficult  to  ex- 


FIO,  1.  (b)  A  typical  oscilloscope  trace  (5  nscc/div) 
of  an  Input  laser  pulse,  (b)  A  Fabry-Perot  pattern 
(1.25-cm  spacing  between  plates)  of  an  Input  laser 
pulse,  (c)  A  typical  "filament"  In  toluene.  The  pic¬ 
ture  was  taken  by  focusing  the  camera  at  the  er.d  of 
the  cell  with  a  125*  magnification. 
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plain  how  a  self-trapped  filament  of  such  high  In¬ 
tensity  could  last  for  more  than  a  few  millime¬ 
ters  without  showing  appreciable  spectral  broad¬ 
ening.7  A  way  to  help  distinguish  the  two  cases 
is  to  focus  the  camera  inside  rather  than  at  the 
ern.  of  the  liquid  cell.  If  the  "filament"  were  in¬ 
deed  a  self-trapped  filament  which  terminates  at 
the  end  of  the  cell,  we  would  expect  to  see  a 
blurred  defocused  image  of  the  filament;  other¬ 
wise,  as  the  laser  power  is  increased  above  the 
self-focusing  threshold,  we  should  always  see  a 
clear  image  of  the  focal  spot  extended  gradually 
further  inside  the  cell.  In  our  experiments,  we 
took  simultaneous  photographs  with  two  cameras, 
one  focused  at  the  end  of  the  cell  and  the  other 
up  to  a  few  centimeters  inside  the  cell.  For  la¬ 
ser  power  above  the  self-focusing  threshold,  we 
found  on  both  photographs  at  equivalent  positions 
a  bright  focal  spot  of  about  the  same  size  (10  ±  2 
n  in  toluene),  consistent  with  the  picture  of  mov¬ 
ing  foci.  The  focal  spot  appeared  deeper  inside 
the  cell  for  higher  laser  power,  but  not  up  to  the 
point  at  which  the  peak  of  the  laser  pulse  would 
self -focus,  presumably  because  stimulated  back¬ 
ward  Raman  and  Brillouin  scattering  effectively 
terminated  self -focusing  through  depletion  of  the 
incoming  laser  power  (see  explanation  below). 

One  might  think  that  these  results  could  also  be 
Interpreted  as  a  self-trapped  filament  moving 
along  a  line.  We  rule  out  such  a  possibility  on 
the  following  grounds:  (1)  Calculation*  shows 
that  a  trapped  filament  of  30-GW/em2  peak  inten¬ 
sity  without  appreciable  spectral  broadening 
should  be  depleted  by  Raman  scattering  in  less 
than  a  few  millimeters.  (2)  Focal  spots  were  ob¬ 
served  within  1  cm  of  the  point  at  which  the  peak 
of  the  input  pulse  should  self-focus,  when  the  In¬ 
put  peak  power  was  not  toe  far  above  the  self-fo- 
cusing  threshold.  This  showed  that  the  trapped 
filaments,  if  existing,  could  not  be  longer  than  1 
or  possibly  0.5  cm.  The  limit  was  set  by  the  ex¬ 
perimental  inaccuracy  in  determlng  the  self -fo¬ 
cusing  threshold,  assuming  the  worst  case  that 
self -focusing  was  not  terminated  by  stimulated 
scattering.  Physical  results  would  of  course  be 
essentially  the  same,  whether  it  Is  a  moving  fo¬ 
cal  spot  of  finite  focal  region  or  a  moving,  short, 
trapped  filament.  We  also  focused  the  camera 
up  to  a  few  millimeters  outside  the  cell.  The  ob¬ 
served  image  was  almost  an  order  of  magnitude 
smaller  than  one  would  expect  from  diffraction 
of  a  self-trapped  filament,  indicating  some  focus¬ 
ing  action  of  the  beam  extended  outside  the  cell. 

Theoretically,  knowing  the  time  variation  of 


the  input  laser  power,  we  can  calculate  how  the 
focal  spot  moves  along  the  line.  We  assume  that 
for  a  certain  laser  power  P  the  focal  spot  ap¬ 
pears  ai  the  self-focusing  distance* 

z^K/[(r/Pcr)llt-i\,  (1) 

where  PCT  is  the  critical  power  for  self-trap¬ 
ping3  and  A  is  a  constant  depending  on  the  geo¬ 
metric  factors  of  the  input  beam  and  the  nonlin¬ 
ear  refractive  index  of  the  medium.  By  measur¬ 
ing  the  threshold  power  for  self-focusing  at  vari¬ 
ous  cell  lengths  wc  can  find  K  and  Pcr.  The  mo¬ 
tion  of  the  focal  spot  can  then  be  determined 
from  Eq.  (1),  knowing  the  time  variation  of  the 
input  laser  power  and  taking  into  account  the  fact 
that  light  propagates  with  finite  velocity.  Figure 
2  shows  the  position  of  the  focal  spot  in  toluene 


At,  nsec 

FIG.  2.  Theoretical  curves  indicating  the  position  of 
the  focal  spot  inside  toluene  as  a  function  of  relative 
time  At  for  several  peak  powers  of  a  Gaussian  laser 
pulse  with  7.6-r.scc  full  width  at  half-maximum.  Here 
At  =0  refers  to  the  instant  the  first  focal  spot  is 
formed.  Curves  are  calculated  using  Eq.  (1)  and  ex¬ 
perimental  values  of  sclf-focusing  threshold  at  differ¬ 
ent  cell  lengths.  Note  that  since  light  travels  with  fi¬ 
nite  velocity,  peal;  of  the  laser  pulse  would  focus  earl¬ 
ier  with  shorter  self- focusing  distances  than  the  lead¬ 
ing  part  of  the  pulse  focusing  with  longer  self-focusing 
distances.  This  also  explains  v/hy,  at  a  given  Af,  two 
focal  distances  can  be  obtained  from  Eq.  (1). 
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as  a  function  of  time  for  a  set  of  input  Gaussian 
pulses  with  various  peak  powers.10  These  pulses 
were  chosen  to  match  approximately  the  observed 
laser  pulses  in  the  experiments.  However, 
there  could  be  some  residual  spatial  inhomogene- 
Ity  in  our  laser  beams;  so  the  curves  in  Fig.  2 
only  describe  approximately  the  actual,  experi¬ 
ments. 

One  consequence  is  immediately  obvious  from 
the  picture  ol  moving  foci  shown  In  Fig.  2.  For 
a  given  cell  length,  the  fecal  spot  would  spend 
more  time  at  the  end  of  the  cell  when  the  input  la¬ 
ser  power  Is  just  at  the  self-focusing  threshold 
than  in  the  case  where  the  input  power  is  consid¬ 
erably  above  the  self-focusing  threshold.  In  the 
former  case,  we  would  expect  to  sec  a  brighter 
focal  spot  at  the  end  of  the  cell.  This  is  ir  fact 
what  was  observed.  We  noticed  in  addition,  with 
the  aid  of  motion  pictures,  that  whenever  the  in¬ 
put  power  was  near  the  self -focusing  threshold, 
there  appeared  a  bubble  oi  about  100-m  diam  out 
of  the  focal  region  at  the  end  of  the  cell.  Rough 
estimate  shows  that  while  an  intense  field  is  nec¬ 
essary  to  Initiate  the  bubble,  an  energy  of  a  few 
ergs  is  needed  to  create  the  bubble.  This  can 
therefore  happen  only  if  the  focal  spot  stays  at  a 
local  10 -p  region  for  more  than  10  psec.  Most 
of  our  experiments  were  done  on  toluene  with  a 
cell  length  of  33  cn>  and  an  input  laser  pulse  of 
peak  power  between  6Pcr  and  12Pcr.  From  Fig. 

2,  we  expect  that  the  focal  spot  would  first  ap¬ 
pear  in  the  liquid  medium  at  the  end  of  the  cell 
and  then  move  inward.  For  higher  input  power, 
smaller  pulse  width,  and  longer  cells  the  focal 
spot  could  first  appear  inside  the  cell  and  then 
split  Into  two  focal  spots,  one  moving  towards 
the  front  and  the  other  towards  the  end  of  the  cell. 
This  would  happen  only  at  P>  100  Pcr  for  the  33- 
cm  toluene  cell  we  used.  Then  the  focal  spot 
could  also  move  with  a  speed  greater  than  the  ve¬ 
locity  of  light. 

Figure  2  shows  that  for  input  power  larger 
than  the  self-focusing  threshold,  if  sclf-focusing 
were  not  terminated  by  other  processes,  then 
the  duration  of  a  “filament”  pulse  would  be  much 
longer  (>1  nsec  for  P  >7Pcr)  than  what  was  ob¬ 
served  (-150  psec)  and  would  increase  with  in¬ 
crease  of  input  power,  opposite  to  what  was  ob¬ 
served.  However,  various  stimulated  scattering 
processes  can  be  Initiated  at  the  focal  region. 

The  backwcrd  stimulated  Raman  and  Brillouln 
scattering  would  deplete  effectively  the  Incoming 
laser  pow'er11  and  consequently  terminate  the  "fil¬ 
ament”  by  depleting  the  later  part  of  the  input  la¬ 


ser  pulse  to  a  level  below  the  self-foeuoinp,  thres¬ 
hold.  The  self-focused  light  diffracted  from  the 
focal  spots  could  also  be  depleted  by  forward  Re  - 
man  scattering.  Because  of  longer  interaction 
length,  depletion  would  of  course  be  more  appre  - 
ciable  for  focal  spots  deep  Inside  the  cell.  In  alt 
respects,  the  focal  spots  near  the  end  of  the  cell 
should  be  less  affected  by  stimulated  scattering. 
Photographs  Indeed  showed  that  focal  spots  in¬ 
side  the  cell  were  much  less  intense  than  those 
close  to  the  end  of  the  cell.  From  Fig.  2,  we 
conclude  that  to  yield  the  observed  “filament” 
pulse  duration,  the  major  part  of  the  pulse  must 
be  emitted  from  a  short  section  of  the  “filament” 
presumably  within  1  cm  towards  the  end  of  the 
cell.  This  also  explains  why  the  pulses  were 
shorter  and  weaker  for  higher  input  power. 

In  conclusion,  we  believe  that  under  conditions 
similar  to  ours,  the  so-called  “filaments”  are  ac¬ 
tually  the  result  of  moving  foci.  The  size  of  a 
"filament”  should  then  be  the  size  of  the  focal 
spot.  Machine  calculations,1*  with  a  simple  mod¬ 
el  of  saturable-refractive  index,  indicate  that  a 
self-focused  beam  would  defocus  and  then  refo¬ 
cus  again.  If  the  laser  power  Is  being  depleted 
by  stimulated  scattering  in  the  focusing  process, 
then  the  self -focused  beam  after  defocusing 
would  not  have  enough  self-focusing  strength  to 
refocus.  For  an  input  laser  pulse  which  is  non- 
homogeneous  and  multimoded,  self-trapped  fila¬ 
ments  may  still  exist4  because  of  very  different 
propagation  conditions.  However,  a  question  ytt 
to  be  answered  is  why  the  size  of  the  observed 
“filaments"  in  a  given  liquid  seems  to  remain 
roughly  constant  irrespective  of  the  Input  pulses. 

We  are  indebted  to  Dr.  P.  L.  Kelly  for  numer¬ 
ous  discussions  and  valuable  comments  on  the 
manuscript.  We  would  also  like  to  thank  Profes¬ 
sor  H.  Y.  Chiao  and  Professor  C.  H,  Townes  for 
helpful  discussions. 
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detection  system,  to  the  pulse  signal  mi  l  to  a  pulue  of 
6  function,  respectively.  Allowing  tl  e  possibility  of 
different  pulse  shapes,  we  were  able  to  measure  the 
pulse  wlJth  with  su  accuracy  of  ±30  psec  for  a  200- 
pseo  pulse  and  of  M30  psec  for  a  100-psee  pulse.  The 
time  constant  of  our  detection  syste;  was  about  -100 
psec. 
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We  propose  a  simple  model  for  a  semiconductor-mctal  transition,  based  on  the  exis¬ 
tence  of  both  localized  (ionic)  and  band  (Uloch)  states.  It  differs  from  other  theories  in 
that  we  assume  the  onc-electron  states  to  be  essentially  unchanged  by  the  transition. 

The  electron-hole  interaction  is  responsible  for  the  anomalous  temperature  dependence 
of  the  number  of  conduction  electrons.  For  interactions  larger  than  a  critical  value,  a 
first-order  semiconductor-metal  phase  transition  takes  place. 


Many  substances,  including  SmBc*  and  a  num¬ 
ber  of  transition-metal  oxides,2  exhibit  semicon- 
ductor-metai  transitions.3  The  transitions  are 
in  many  cases  first-order  phase  transitions  (e.g., 
in  Va03);  however,  they  can  also  result  from  a 
gradual  but  anomalously  large  increase  in  con¬ 
ductivity  over  a  range  of  temperatures  (e.g.,  in 
SmBs  and  Ti303).  In  addition,  measurements  of 
large  magnetic  susceptibilities  with  anomalous 
temperature  dependences  suggest  that  in  many  of 
these  materials  localized  magnetic  moments  ex¬ 
ist  and  that  they  are  intimately  connected  with 
the  transition.  As  an  examt  e,  it  has  been  hy¬ 
pothesized1  that  in  SmB,  the  conduction  electrons 
and  the  localized  moments  are  produced  simul¬ 
taneously  by  the  promotion  of  a  single  localized 
electron  from  the  spherically  symmetric  Sm++ 
ion  (J- 0)  into  a  conduction  band.  The  Sm+++  ion 
left  behind  {J-\)  acts  as  a  localized  moment. 

We  preser*  here  a  simple  theory  of  the  semi- 
conductor-metal  transition  baseo  on  a  model  hav¬ 
ing  both  localized  and  itinerant  interr cting  quasi- 
particle  states.  The  relevant  single-electron 
states  consist  of  (a)  t  ids  of  extended  Bloch  func¬ 


tions  and  (b)  a  set  of  localized  states  centered  at 
the  sites  of  the  metallic  ions  in  the  crystal.  As 
T-0  the  localized  states  are  lower  in  energy 
than  the  band  states  and  are  fully  c  ,-upied  by 
electrons.  Therefore  the  quasiparticle  excita¬ 
tions  are  either  localized  holes  or  itinerant  elec¬ 
trons.  In  the  language  of  second  quantization  and 
in  the  spirit  of  the  Landau  theo-y  of  Fermi  liq¬ 
uids,  we  write  the  one-particle  terms  as 


ffn=  Ef  (k)a  g  r  +££&•  t*.  ,  (1) 

0  ~  v  pk<j  pko  to  to 


eka 


to 


where  creates  an  electron  in  state  k,  band 

v.  with  spin  o,  and  6l(Jt  creates  a  hole  with  spin 
o  at  site  i.  Tne  energies  €g,(k)  and  E  are  positive 
definite  and  such  that 


A  =  min[E  +  €  (k)]>0  (2) 

v 

is  the  energy  gap  for  the  formation  of  an  elec¬ 
tron-hole  pair.  We  further  assume  that  the  qua¬ 
siparticle  interaction  is  screened,  and  its  range 
short  enough  so  that  only  intra-atomic  terms 
need  be  considered  In  this  case  the  interaction 
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Kur  infrared  radiation  gemratrd  frum  lire  difference  frequency  Ixtwccn  Iwo  lem|>eralure-tuned  rub) 

Users  has  been  observed  over  I  lie  frequency  range  Sra  t.2  lo  8.  t  cm"1.  Lithium  niobale  and  quartz  were 
Used  as  mixing  crystals  The  conversion  efficiency  xxas  measured  as  a  function  of  angle  around  the  phase- 
mate  bed  diiecli»n.  The  expected  spectral  content  and  frequency  of  the  far  infrared  radiation  has  been  veri¬ 
fied  using  a  far-infrared  Fabry  I’erot  interferometer 


rot )N  after  optical  second  harmonic  generation  was 
c)  discovered,  it  was  suggested  by  several  persons1 
that  difference  frequency  generation  in  a  nonlinear 
crystal  using  two  teinpermure-tuncd  lasers  would  pro¬ 
vide  a  tttnaLic  source  of  coherent  far-infrared  radiation. 
In  this  paper  we  describe  the  first  observation  of  this 
tunable  narrow-band  far-infrared  radiation.  Fixed- 
frequency  far-infrared  radiation  has  been  retried  by- 
two  groups  •  Zernike  and  Herman5  detected  broadband 
radiation  near  100  cm"1  resulting  frum  the  mixing 
of  an  tml.noxvn  number  of  modes  from  a  pulsed  new- 
dymium-glasx  laser.  Vajima  and  Inone’  used  the  R i 
and  A’.-  lines  of  a  single  ruby  laser  to  generate  a  fixed 
(Inference  frequency  v—  20  cor1.  In  neither  case  xvas  a 
spectral  analysis  “forted.  We  have  used  txvo,  simul¬ 
taneously  t?  switched,  temperature-tuned  ruby  lasers  to 
generate*  radiation  between  1.2  and  8.1  cm-1.  By  using 
sun. -frequency  generation  to  normalize  the  pulse-to- 
pulse  xariations,  we  have  measured  the  far-infrared 
frequency  directly  and  found  it  to  be  in  agreement  with 
the  knoxvn  temperature  coefficient4  of  the  ruby-laser 
frequency.  We  have  also  measured  the  variation  of  the 
far-infrared  power  with  orientation  of  the  LiNbOj 
crystal  near  the  phase  matching  angle.  Difference-fre¬ 
quency  generation  was  observed  in  quartz  and  LiNbOj 
and  a  comparison  is  made  of  their  electro-opticai 
coelficients  as  calculated  front  their  relative  efficiencies. 

Consider  txvo  cylindrical’)*  symmetric  beams  of  finite 
transverse  radius  a  traversing  a  crystal  of  length  /.  The 
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field  intensities  of  the  beams  (i=  1,  2)  are 

Es(r,/)=  e\p(ii.!-/u,/)+ c.c.]. 

A  nonlinear  polarization  of  frequency  aj-uq— ui  will  be 
produced  in  the  cylinder  of  length  /  and  radius  a  by  the 
interaction  of  the  two  electric  fields  with  the  medium. 

P(r,/)=i  c.c.) , 

xvlice  k,—k:  =  t H-Al=  (uj/c)h+ A/F  and  where  n  is  the 
index  of  refraction  at  the  difference  frequency  u.  By- 
integrating  over  the  contributions  of  the  cylindrical 
polarization  wave  in  the  far-field  approximation,  we 
obtain  the  total  far-infrared  power  IF  collected  in  the 
detection  sy  si  em.  We  neglect  th  effect  of  the  boundary 
by  assuming  that  the  detector  is  buried  in  the  dielectric 
medium. 


tun' 


IF- -  |X(f>|,|51|1|S,|=/I(irci)1 

4c4 


X  f  si 
J  *-a 


.  ,  rsim,-ff2y1(f) 

sintf  a<M - 1 1 


L  „  JL 


n 


a) 


where  tj  =  \  kl(  1  +  AF  >k — cot#),  f  =*ka  sin£,  <t>  is  the  angle 
betxveen  the  incoming  bear  and  the  gene-ated  radia¬ 
tion,  and  is  the  maximum  angle  collected  in  the 
detection  system. 

Equation  (1)  is  valid  for  single-mode  lasers.  A  beam 
with  divergence  f!  and  area  .4  contains  A' «=  A Q/\% 
modes.  Under  the  condition  of  small  difference  fre¬ 
quencies  and  limited  collection  angle  (which  existed  in 
our  experiments),  the  measured  signal  arises  only  from 
each  mode  of  one  laser  interacting  with  one  mode  from 
the  other  laser.  Therefore,  the  detected  power  is  reduced 
by  a  factor  of  l/.V  from  that  prediited  by  Eq.  (1). 

In  our  experiment,  the  two  lasers  were  simultaneously 
(^-switched  by  using  the  same  rotating  mirror  in  both 
optical  cavities.*  The  mode  puri;y  was  controlled  by- 
using  a  resonant  reflector  as  the  output  mirror  and  by 

•  D.  W.  Fanes  and  V.  R.  Slicn  (lo  be  published). 
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using  a  saturable  dyccdl  (Kastman  10220).  One  of  the 
lasers  was  cooled  by  circulating  ethyl  aicohol  at 
r>— 40°C  and  the  other  was  operated  at  room  tem¬ 
perature.  The  two  laser  beams  were  made  coincident 
and  accurately  parallel  (within  t  min  of  arc)  by  careful 
adjustment  of  a  beam  splitter.  No  focusing  lens  was 
used.  The  polarizations  of  the  lasers  were  made  accu¬ 
rately  perpendicular  (vertical  and  horizontal)  by  the 
use  of  external  polarizers.  Each  laser  typically  delivers 
a  power  of  1  MW  over  an  area  of  0.2  cm1  with  an  angular 
divergence  of  1.5  mrad  and  a  pulse  duration  of  3X 10  s 
sec.  The  power  is  usually  distributed  into  two  frequency 
modes  separated  by  0.2  cur1. 

The  far-infrared  signal  was  detected  using  a  crystal 
of  K-type  InSb  (Putlcy*  detector)  at  r=1.3°K  in  a 
magnetic  field  of  5500  Oe.  It  was  biased  with  a  constant 
voltage  of  0.25  V  and  the  current  was  measured  using 
an  operational  amplifier  with  a  feedback  resistor 
.Rf=205  kfi.  The  response  time  of  this  sy  stem  is  2  ^S. 
The  sensitivity  of  the  detector  was  measured  using  a 
blackbody  at  200°C  and  a  filter  passing  0  50  cnr1. 
This  showed  the  average  noise  equivalent  power  in  a 
5X105-Kz  bandwidth  to  be  l(r 8  W.  However,  since  the 
sensitivity  is  certainly  not  uniform  in  this  energy 
region8  and  since  there  arc  inevitable  local  system 
resonances  at  these  long  wavelengths,  the  absolute 
values  of  the  infrared  power  may  be  in  error  by  more 
than  an  order  of  magnitude,  for  this  reason,  emphasis 
was  on  relative  powers  in  our  measurements. 

The  nonlinear  crystal  was  mounted  on  a  rotatable 
table  directly  in  front  of  the  light  pipe  leading  to  the 
detector.  A  black  polyethylene  filter  was  used  to  reject 
unwanted  radiation. 

The  infrared  power  generated  is  proportional  to  the 
integrated  overlap  in  space  and  time  of  the  two  laser 
beams.  Since  this  overlap  varies  from  shot  to  shol,  it 
is  desirable  to  obtain  an  independent  measurement  of 
it  for  use  as  normalization.7  This  was  done  by  monitor¬ 
ing  the  intensity  of  the  sum  frequency  generated  in  a 
crystal  of  potassium  dihydrogen  phosphate  (KDP). 
The  discrimination  of  the  sum  frequency  from  the 
second-harmonic  signal  was  achieved  by  using  the 
scheme  of  Maier  el  al.*  and  Armstrong.*  A  discrimina¬ 
tion  factor  better  than  50  against  second-harmonic 
radiation  was  obtained.  Because  of  the  small  k  vector 
of  the  far-infrared  radiation,  fluctuations  in  beam  align¬ 
ment  and  angular-mode  distribution  are  expected  to  be 
more  critical  for  difference-frequency  than  for  sum- 
frequency  generation.  The  far-infra.ed  difference-fre¬ 
quency  signals  were  found  to  be  proportional  to  the 
sum-frequency  signal  within  a  factor  of  2. 

8  E.  H.  Putlry  and  D.  H.  Martin,  in  Spectroscopic  Techniques, 
edited  by  D.  H.  Martin  (North-Huliuiul  Publishing  Co.,  Amster¬ 
dam  1967),  p.  113. 

7J.  Ducuing  and  N.  Blocmbcrgen,  Phys.  Rev.  133,  AI493 
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•M.  Maier,  W  Kaiser,  and  J.  A.  Gicrdmaine,  Phys.  Rev. 
Letters  17,  1275  (1966). 

*  J.  A.  Armstrong,  Appi.  Pbys.  F.etters  10,  16  (1967). 


Ftc.  1.  Typical  oscilloscope  traces  showing  correlation  between 
the  time  overlap  of  laser  pulses  and  the  strength  of  sum-  and 
difference -frequenc)  signals.  The  laser  signals  are  displayed  on  a 
single  trace  (a)  at  a  sweep  rate  of  50  nscc/div,  with  the  cooled 
laser  signal  delayed  by  12a  nsec.  Difference-frequency  signals  <b 
and  sum-frequency  signals  (c)  are  displayed  at  a  sweep  rale  ot 
5  (jscc/div.  The  pulse  widths  of  (b)  and  ic)  are  characteristic  of 
the  time  r .spouse  of  the  detectors  used.  When  there  is  considerable 
time  overlap  (as  on  the  right),  the  sum-  and  difference-frequenc) 
signals  are  clearly  much  larger. 

Typical  infrared  signals  are  shown  in  Fig.  1,  where 
they  are  compared  with  the  sum-frequency  signal  and 
the  signals  from  the  individual  lasers.  Satisfactory 
correlation  is  observed  between  I  he  difference-frequency 
signal,  the  sum  frequency  signal,  and  the  laser  timing. 

The  variation  of  the  far-infrared  power  as  the  1.5-cnt 
LiN'bOj  crystal  is  rotated  through  the  phase-matched 
direction  is  shown  in  Fig.  2.  The  experimental  point? 
are  compared  with  the  theoretical  curve  plotted  assunt 
ing  that  the  output  of  each  laser  is  split  equally  between 
two  frequencies  separated  by  0.2  cm-1.  The  position  of 
the  peak  in  Fig.  2  agrees  within  experimental  accuracy 
v/ith  the  phase-matching  angle  of  9.5°  from  the  optic 
ucis  computed  using  n,=  2.189  and  «o=  2.273  (at  the 
laser  frequencies)10  and  h0=  6.55  (at  8.1  cnr1).11 


Angular  deviation  from  phot*  notching  angU 


Fig.  2.  Variation  of  the  power  of  the  difference-frequency  signa 
as  a  function  of  the  angular  deviation  from  the  phasc-roatche< 
angle.  The  angles  refer  to  the  inside  of  the  1.5-cm  LiXbO. 
crystal  used. 

»  G.  D.  Boyd,  S.  C.  Miller,  K.  Nassau,  VV.  L.  Bond,  and  A 
Savage,  Appl.  Phys.  Letters  5,  234  (1964). 
u  J.  D.  Aae  and  D.  F.  O’Kane,  Appl.  Phys.  Letters  9,  58  (1966) 
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The  measured  far-infrared  power  from  a  0.017  cm 
LiNbOj  crystal  at  the  phase-matching  peak  is  about 
1  mW.  This  is  in  order  of-maguitude  agreement  with 
the  value  calculated  from  Eq.  (1)  with  a  collection 
half  -angle  of  30°.  For  the  1.5-cm  crystal,  the  measured 
peak  power  is  2X  10~}  \Y,  which  is  two  orders  of  magni¬ 
tude  lower  than  what  is  expected.  This  discrepancy  is 
most  likely  clue  to  crystal  inhoniogeneity,**  which  would 
reduce  the  efficiency  of  optical  mixing  in  long  crystals. 
All  the  long  crystal  we  used  suffered  damage  after 
several  hundred  shots.  The  validity  of  quantitative 
comparisons  with  Eq.  (1)  is  also  limited  by  the  un¬ 
realistic  boundary  conditions  used  in  its  derivation. 
Neglected  effects  include  radiation  from  the  edges  of  the 
crystal  and  multiple  reflections  at  the  faces. 

The  far-infrared  wavelength  was  measured  using  a 
Fabrv-Perot  interferometer  with  electroformed  metal 
mesh  mirrors.13  Typical  transmission  curves  are  shown 
in  Fig.  3.  The  solid  curve  is  obtained  from  the  Airy 
formula  by  integrating  over  the  finite  collection  angle 
so  as  to  fit  the  decrease  in  Q  with  increasing  order 
number.  The  wavelengths  used  were  3%  [Fig.  3(a)] 
and  5%  [Fig.  3(b)]  smaller  than  those  predicted  from 
the  known  temperature  dependence  of  the  rub) -laser 
frequency.  The  finesse  was  computed  from  the  geometry 
of  the  mesh.  The  fit  shows  unambiguously  that  we  are 
observing  a  difference  frequency  with  a  bandwidth  less 
than  the  ~1  cm'1  resolution  of  our  interferometer.  The 
linewidth  of  the  two  frequency  modes  (separated  by 
0.2  cm"1)  from  each  laser  is  less  than  0,02  cm'1,  leading 
to  a  predicted  linewidth  of  less  than  0.04  cm'1-  for  each 
of  the  three  far-infrared  frequencies  produced. 

We  also  compare  ’  the  far-infrared  power  generated 
from  a  0.047-cm-lhick  crystal  of  LiN’bOj  with  that  from 
a  1 -cm  thick  crystal  of  quartz.  Using  Eq.  (1),  the  ratio 
of  the  electro-optic  coefficients  r!:(LiNbOj)/r*2(quartz) 
is  estimated  to  be  8.5.  According  to  other  measure- 

**  A.  Ashkin,  O.  D.  Boyd,  J.  M.  Dziedzic,  R.  C.  Smi:h,  A.  A. 
Ball  nun,  J.  J.  Levinstein,  and  K.  Nassau,  Appl.  Phys.  Letters  9, 
72  (1966). 

**  R.  Ulrich,  K.  F.  Renk,  and  L.  Cenzcl,  IF.EE  Trans.  Micro- 
wave  Theory  Tech.  MTT-11, 363  (1963). 


Fic.  3.  Fabry-Perol  scan  of  the  difference-frequency  output. 
The  upper  scan  (a)  is  fer  a  temperature  difference  AT =60*t  of 
the  two  lasers.  For  the  lower  scan  (b)  AT «=47°C.  The  theoretical 
curves  are  .Airy  functions  calculated  ftom  the  geometrical  prop¬ 
erties  of  the  Fabry-Perol  reflectors  and  averaged  to  account  for 
the  30*  collection  half-angle. 

ments,14  the  ratio  is  3.7.  Because  of  the  uncertainties  in 
our  measurement,  this  agreement  must  be  considered 
satisfactory. 

The  tuning  range  was  limited  to  frequencies  less  than 
8.1  cm"1  by  the  cooling  system  used.  This  range  could 
be  extended  to  ~20  cm'1  by  using  liquid  nitrogen  as  a 
coolant.  If  the  warmer  laser  were  operated  on  the  Rt 
line,  then  the  range  could  be  extended  to  ~50  cm-1. 
The  use  of  a  tunable  dye  laser,  stimulated  Reman, 
radiation,  or  parametric  sources  would,  of  course,  extend 
this  range  throughout  the  infrared. 

We  would  like  to  thank  D.  Woody  for  computing  the 
theoretical  interferometer  curves  and  Dr.  E.  Washwell 
for  furnishing  samples  of  LiNbOj. 


“  A.  i’ariv,  Quantum  Electronics  (Wiley-Intersdence,  Inc.,  New 
York,  1967),  p.  351. 
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THEORY  OF  SELF -TRAPPED  FILAMENTS  OF  LIGHT 

Y.  R.  Shen,*t  M.  Y.  Au  Yang.t  and  Marvin  L.  Cohentt 
Department  of  Physics,  university  of  California,  Berkeley,  California 
(Received  30  August  1967) 

We  present  a  calculation  modeled  after  the  theory  of  phase  transitions  to  explain  the 
observations  on  self-trapped  filaments  of  laser  light  in  liquids.  The  resulting  state  is 
shown  to  be  similar  to  the  Abrikosov  vortex  state  in  superconductors. 


Self -focusing  and  self -trapping  of  intense 
light  beams  have  recently  become  one  of  the 
most  important  and  interesting  subjects  in  non¬ 
linear  optics.  While  self-focusing  as  a  result 
of  intensity -dependent  changes  of  the  refrac¬ 
tive  index  is  now  more  or  less  understood  both 
theoretically*  and  experimentally,1  the  forma¬ 
tion  of  intense  filaments  arising  from  self -trap¬ 
ping*  still  remains  a  mystery.  It  is  believed 
that  the  filament  formation  is  also  a  consequence 
of  the  change  of  refractive  index  with  intensi¬ 
ty.*  However,  experimental  results  indicate 
that  the  change  in  the  refractive  index  of  a  fil¬ 
ament,  calculated  from  the  observed  intensi¬ 
ty  in  the  filament  under  Kerr  effect  assumptions, 
is  not  sufficient  to  account  for  the  observed 
filament  size.4  In  addition,  a  number  of  other 
experimental  facts  have  received  no  satisfac¬ 
tory  explanation. 

In  this  paper,  we  present  a  calculation  which 
enables  us  to  explain  most  of  the  experimental 
observations  on  self-trapped  filaments.  The 
calculation  is  based  on  the  assumption  of  a  field- 
induced  phase  transition  in  the  medium  and  is 
similar  to  that  of  vortex  formation  in  Type -II 
superconductors.  Preliminary  results  of  the 
calculation  yield  the  following  predictions: 

(1)  The  splitting  of  an  intense  beam  into  small- 
scale  circular  filaments  is  energetically  favor¬ 
able;  (2)  aside  from  fluctuations,  all  filaments 
have  the  same  size  and  the  same  power  densi¬ 
ty;  (3)  the  filament  size  and  the  power  contained 


in  each  filament  are  characteristics  of  the  me¬ 
dium  independent  of  the  input  beam  intensity. 

In  the  calculation,  we  will  assume  that  a  crit¬ 
ical  field  exists  and  that  aside  from  the  inten¬ 
sity-dependent  dielectric  constant  e(w)  =  c0(w) 

+  €,(<*>)  l£(o»)  I*,  to  produce  this  field,  other  non¬ 
linear  optical  processes  can  be  neglected  be¬ 
fore  the  filaments  are  formed. 

Grob  and  Wagner*  have  also  suggested  the 
analog  of  vortex  lines  in  superconductors  to 
the  filaments  in  this  problem.  However,  they 
assume  that  the  filament  formation  is  a  result 
of  coupling  between  light  fields  and  density  fluc¬ 
tuations  in  the  medium.  Their  results  are  es¬ 
sentially  the  same  as  those  obtained  by  Chiao, 
Gamire,  and  Townes.* 

Our  calculation  is  modeled  after  the  theory 
of  phase  transitions  and  the  theory  of  vortex 
formation  in  superconductivity.*  We  assume 
that  the  molecules  in  a  liquid  are  correlated, 
and  at  temperature  T,  the  state  of  the  liquid 
can  be  described  by  a  dielectric  function.  We 
further  assume  that  in  the  presence  of  an  in¬ 
tense  optical  field  greater  than  the  critical  field 
Ec,  the  molecular  interactions  in  the  liquid 
can  be  changed,  and  the  system  can  experience 
a  phase  transition.  (Field-induced  phase  tran¬ 
sitions  have  been  observed  in  ferroelectrics.) 

We  shall  begin  by  discussing  the  energy  of 
an  arbitrary  two -phase  configuration  of  the 
liquid  and  then  go  on  to  discuss  a  liquid  with 
trapped  light  filaments.  In  both  cases  we  as- 
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sume  that  the  system  can  exist  in  two  states 
described  by  the  dielectric  constants  e(l  and 
As  will  be  clearer  later,  the  states  a  and 
b  will  be  analogous  to  the  superconducting  and 
normal  states,  respectively.  The  energy  dif¬ 
ference  between  these  states  (or  the  condensa¬ 
tion  energy)  is  A£l£c!2/8jr,  where  Ae  =  eft-cc. 
We  now  consider  the  case  of  a  light  beam  of 
uniform  intensity  c  l£0 1  2/8jt  propagating  into 
the  liquid  medium  where  both  a  and  phases 
exist  simultaneously.  After  the  light  beam  has 
traveled  some  distance  along  the  z  direction, 
the  field  distribution  ir.  the  beam  should  become 
stable  and  invariant  with  respect  to  z.  We  can 
then  conclude  that  from  the  minimization  of 
the  Gibbs  free  energy,  the  fields  will  concen¬ 
trate  in  the  high-dielectric-constant  b  region 
with  field  penetration  of  distance  >.  into  the  a 
region.  For  simplicity,  we  assume  that  the 
field  is  constant  in  the  b  region  and  the  X 
penetration  region.7  The  free  energy  of  the 
system  is  (assuming  a  dispersionless  medium), 


•  vwi-tW"  * 1  1 V 


(1) 


with 


where  F0  is  the  free  energy  arising  from  all 
sources  other  than  those  we  are  considering, 
Ab  and  A  are  the  cross-sectional  areas  of  the 
b  region  and  of  the  beam,  respectively,  lb  is 
the  perimeter  length  of  the  eb  region,  C,  is  the 
characteristic  length  over  which  the  transition 
from  ea  to  eb  takes  place,7  and  it  is  assumed 
for  simplicity  that  fa2s  c62"  e2*  Comparison 
of  Eq.  (1)  with  the  free  energy  for  a  uniphase 
in  A  shows  that  a  two-phase  system  ie  ener¬ 
getically  favorable  if  IEqI  >Ec  and  X  >£.  The 
medium  wants  to  form  new  walls  between  the 
phases.  From  arguments  similar  to  those  used 
to  describe  the  formation  of  vortex  lines  in 
superconductivity,*  it  is  energetically  favor¬ 
able  to  form  circular  filaments  of  radius  | 
(field  filaments  of  radius  X). 

For  the  case  of  n  filaments,  the  free  ener¬ 
gy  of  the  system  can  be  written  as 


with  the  constraint  nn\i\Eb  i2=A  !EqI2,  where 
Eb  is  the  field  in  the  filament.  For  a  given 
t£0t2,  the  above  free  energy  can  be  minimized 
to  yield  the  number  of  filaments.  Thus,  OF/ 

9m  =  0,  and  we  find  that 


_  AIEnl2e, 

~  ttX£E  (2Ac)l/* ' 
c 


Note  that  the  minimum  n  we  can  have  is  at  Eq 
=Ec.  From  Eq.  (3),  the  field  intensity  in  each 
filament  can  be  obtained: 

c  IE  I2  t’(E  (2Ae)l/2 

b  _  _£  , 

8r  8rrXe2l/2  ’  1 

which  is  independent  of  the  applied  field  if  X 
is  only  dependent  on  the  characteristics  of  the 
medium.  The  total  power  contained  in  each 
filament  is  a  constant: 


Q  = 


cX£E  (2a e) 1/2 
c 

B^*75 


(5) 


The  above  equations  relate  the  field  in  a  fil¬ 
ament  to  the  size  of  the  filament,  and  these 
can  be  solved  if  the  quantity  IEC( Ae)l/2  is  known. 
This  quantity  is  a  characteristic  of  the  phase 
transition  in  the  medium.  It  is  possible  to  ob¬ 
tain  a  numerical  estimate  of  ££r(Ae)*/2  by  mak¬ 
ing  the  simplifying  assumption  that  the  phase 
transition  we  are  considering  is  a  second-or¬ 
der  phase  transition.  This  allows  the  use  of 
the  Landau-Ginzburg  equation,8 

(N/2tn)[{K/i)v-(e*/c)Af<P  +  aip  +  ^\ip\tP  =  0,  (6) 


where  i p  is  a  complex,  position-dependent  or¬ 
der  parameter  describing  the  additional  induced 
correlated  polarization  responsible  for  the  Ac 
change.  We  assume  that  the  induced  polariza¬ 
tion  arises  from  electronic  interactions  and 
N,  m,  and  e*  refer  to  the  density,  mass,  and 
effective  charge  of  the  electron  (assuming  one 
interacting  electron  per  molecule).  In  deriv¬ 
ing  Eq.  (2)  we  assume  a  square  well  approxi¬ 
mation  for  ip  and  Eb;  i>=  1  for  r>£,  ip<(,,B  and 
E=Eb  for  r  <X,  where  r  is  the  radial  position 
measured  from  the  center  of  the  filament. 

From  the  equilibrium  condition  in  the  absence 
of  the  fields,  we  find*  that 


a  -  -0-  —E  *Ae/4*.  (7) 

c 


+  Mjr?*(!£J2Ae+E  *Ae)},  (2) 

o  c 


If  the  fields  are  independent  of  z,  then  tp  is  al¬ 
so  independent  of  z,  and  both  the  fields  and 
ip  can  be  taken  to  have  cylindrical  symmetry. 
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We  can  use  Eq.  (6)  to  give  the  characteristic 
'’taxation  length  4  to  describe  the  variation 
of  from  zero  at  the  center  of  the  filament 
to  unity  outside: 

|  =  [2ff«iW/»»Ae£c2]‘/*.  (8) 

For  CS2,  Af*  1022  cm-*  and  we  find  that  4£c( Ac)l/* 
=  8.7  x  10-*  esu.  Using  this  value  and  the  ex¬ 
perimental  values  A=2  p  and  e2  =  1.8X10-11 
esu  in  Eqs.  (4)  and  (5)  gives  the  field  intensi¬ 
ty  cl  Eft  l2/8u=  1.8  x  10*  W/cm2,  and  the  power 
contained  in  each  filament,  Q  =  220  W.  These 
estimates  agree  well  with  experiment.4  To 
find  4,  Ec,  and  At  separately,  a  microscopic 
calculation  which  considers  the  molecular  in¬ 
teractions  in  detail  is  necessary. 

It  is  possible  to  compute  Ac  if  X  is  known 
by  using  the  Maxwell  wave  equation 

{v^2-^2  +  (w2/c2)[e60 

-A€(l<M*>Av  +  €2l£l2l}E(r)  =  0,  (9) 

where  (M'Ij)av  represents  the  average  value  of 
l#(r)l2.  If  we  made  the  simplification  (!£(>•)  I  *>Av 
=  i'Q2  for  v  <  4 ,  <U(r)l2)Av=  1  for  r  >|,  and  E(r) 

=  Ef)  for  r  <4  (since  the  macroscopic  field  will 
not  vary  appreciably  over  a  dimension  less 
than  a  wavelength), 

kz  =  (w/c)(cftO“AC  V  +  f2 1 V  I)1/2‘  (10) 

For  e0»Cjl£l2,  e2l£l*  can  be  neglected  in  Eqs. 
(9)  and  (10)  in  first  order.  The  solution  of  Eq. 

(9)  for  r>4  is  the  zeroth-order  modified  Bes¬ 
sel  function  K0(r/\),  with  a  characteristic  de¬ 
cay  length 

A  =  (c/w)[Ae(l-V)]~,/2.  (H) 

For  CS2,  A  =  2  p,  and  at  ruby  laser  frequency 
we  estimate  that  typically  Ac  >3x  10 -s,  which 
is  much  larger  than  €2l£ftl*(t=2xl0-4).  We 
expect  that  typical  values  should  be  Ac  - 10 “2, 
£c~2xl0*  eau,  and  4~0.4  p.  A  more  rigor¬ 
ous  treatment  of  this  problem  should  account 
for  the  variation  of  £  and  ip  across  the  phase 
boundary  by  solving  the  coupled  equations  (6) 
and  (9).  This  should  yield  a  functional  repre¬ 
sentation  for  the  n  stable  filaments  as  obtained 
from  energy  considerations.  This  would  be 
equivalent  to  the  Abrikosov  calculation  for  vor¬ 
tex  lines  in  superconductors.* 

In  the  above  discussion,  the  dynamic  process 
to  reach  the  final  stable  field  distribution  in 


the  beam  has  not  been  considered.  It  is  clear¬ 
ly  not  important  as  far  as  the  stable  configu- 
uration  of  filaments  is  concerned.  This  is  anal¬ 
ogous  to  the  growing  of  a  crystal,  where  we 
are  only  interested  in  the  final  crystal  struc¬ 
ture  and  not  in  the  dynamic  process  of  crys¬ 
tal  formation.  In  actual  experiments,  the  in¬ 
coming  beam  intensity  is  often  much  less  than 
Ec.  However,  through  self-focusing,  the  beam 
cross  section  reduces  and  the  field  intensity 
finally  exceeds  Ec.  The  field  distribution  in 
the  beam  then  becomes  unstable,  and  filaments 
would  be  nucle.  :ed  by  fluctuations  in  the  me¬ 
dium.  The  intensity  in  each  filament  is  so  high 
that  stimulated  scattering  processes  set  in  and 
deplete  the  laser  power  ..  the  filament  very 
rapidly.4  Fluctuation  and  stimulated  scatter¬ 
ing  processes  would  probably  prevent  the  field 
distribution  from  reaching  a  stable  configura¬ 
tion  of  filaments,  but  each  filament  already 
formed  should  have  the  characteristics  of  fil¬ 
aments  in  the  final-state  configuration. 

We  wouid  like  to  thank  Professor  G.  Rochlin 
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Optical  Nonlinearities  of  a  Plasma* 

N.  BLOEMBERGFNt  AND  V.  R.  SffEN 
Department  of  Physics ,  University  of  California,  Berkeley,  California 
(Received  6  August  1965) 

Second-harmonic  generation  and  stimulated  Raman  effects  for  a  plasma  are  calculated  by  the  same 
methods  that  have  been  used  for  bound  electrons.  The  nonlinear  susceptibility  describing  the  stimulated 
Raman  effect  in  a  gaseous  or  r  letallic  piasma  is  6  to  10  orders  of  magnitude  smaller  than  the  corresponding 
effect  in  liquids.  This  process  in  a  plasma  can  also  be  described  as  the  parametric  interaction  between  a 
damped  plasma  wave  and  two  light  waves.  The  second-harmonic  generation  trom  a  plasma  boundary  is 
dominated  by  a  surface  term  which  originates  from  the  discontinuity  in  the  normal  component  of  the 
electric  field.  It  is  shown  that  the  observed  second-harmonic  generation  from  metallic  silver  probably  stems 
from  bound  ion  cores  in  the  surface  layer  rather  than  from  a  plasma  surface  term. 


I.  INTRODUCTION 

HE  basic  nonlinearity  in  the  interaction  between 
a  free  electron  and  an  electromagnetic  wave  is 
caused  by  the  Lorcntz  force.  Additional  nonlinearities 
may  result  from  convective  density  fluctuations  in  the 
plasma.  The  uonlinearities  in  gaseous  plasmas  have  been 
studied  extensively  in  the  microwave  region  of  the 
electromagnetic  spectrum.1-2  Recently  much  attention 
lias  been  given  to  optical  nonlinearitics  of  a  plasma, 
although  they  are  by  their  very  nature  rather  small. 3-11 
In  this  paper  hydrodynamic  terms  and  convection  will 
be  ignored. 


*  Tiffs  research  was  supported  by  the  U.  S.  Office  of  Naval 
Research.  An  abbreviated  version  of  this  work  was  presented  at 
the  Physics  of  Quantum  Electronics  Conference,  Puerto  Rico, 
1963  (unpublished). 

t  On  leave  from  Harvard  University. 

1  P.  A.  Sturrock,  Thermonucl.  Res.  (GI!)  2,  I5S  (1961). 

7  R.  F.  Whitmer  and  E.  If.  Barrett,  Phys.  Rev.  121,  661  (1961); 
ibid.  125,  1478  (1962). 

*  N.  Bloemhergen,  Prcc.  IEEE  51,  124  (1963). 

*  R.  Kronig  and  J.  I.  Poukema,  Proc.  Koninkl.  Ned.  Akad. 
Wetensc.iap.  66B,  8  (1963). 

*  H.  Cheng  and  P.  B.  Miller,  Phys.  Rev.  134,  A6S3  (1964). 

*  P.  M.  Platzman,  S.  J.  Buchsbaum,  and  N,  Tzoar,  Phys.  Rev. 
Letters  12. 573  (1961) ;  P.  M.  Platzman  and  N.  Tzoar,  Phys.  Rev. 
136,  All  (1961). 

7  D.  F.  Dubois  and  V,  Gilinsky,  Phys.  Rev.  135,  A995  (i964). 

*  N.  Kroll,  A.  Ron,  and  N.  Rostokcr,  Phys.  Rev.  Letters  13, 
83  (1964). 

*  H.  Cheng  and  Y.  C.  Lee,  Phys.  Rev.  Letters  14,  426  (1965). 

10  D.  F.  Dubois,  Phys.  Rev.  Letters  14,  818  (1965). 

u  Various  authors  in  Proceedings  of  Hie  Conference  on  the  Physics 
of  Quantum  Electronics,  Puerto  Rico  (McGraw-Hill  Book  Com¬ 
pany,  Inc.,  New  York,  1965). 


The  same  basic  formalism  can  be  used  to  describe  the 
nonlinearities  for  bound  and  free  electrons.  This  is  par¬ 
ticularly  evident  in  the  formulation  of  Cheng  and  Miller5 
and  of  Pine, 12  who  emphasized  the  self-consistent-field 
description  of  the  nonlinear  susceptibilities.  In  Sec.  II 
of  this  paper,  the  second-harmonic  volume  polarization 
for  a  plasma  is  rederived.  The  self-consistent-field  cor¬ 
rection  on  this  longitudinal  polarization  is  explicitly 
exhibited  in  the  same  manner  as  has  been  done  by 
Ehrenreich  and  Cohen13  for  the  longitudinal  linear 
dielectric  constant.  In  Sec.  Ill,  it  ic  shown  that  surface 
terms  are  actually  more  important  than  the  volume 
effect  for  the  second-harmonic  generation  (SHG)  from 
a  metallic  surface.  Jba14  has  first  called  attention  to 
these  plasma  surface  terms.  Our  results  are  somewhat 
different  from  Jha’s  and  in  better  agreement  with 
recent  experimental  observations.  We  show  furthermore 
that  the  dominant  contribution  to  the  SHG  may  come 
from  bound  electrons  in  the  ion  cores  at  the  surface 
rather  than  from  the  conduction  electrons. 

The  next  higher  order  nonlinearity  describes  the 
Raman-type  effects  in  a  plasma.  If,  for  example,  a 
laser  beam  at  frequency  ui  is  incident  on  a  plasma,  the 
plasma  will  present  exponential  gain  for  a  light  beam 


”  A.  Pine,  Phys.  Rev.  139,  A901  ( 1965).  The  authors  are  indebted 
to  Dr,  Pine  for  making  his  manuscript  available  before  publication. 

“  H.  Ehrenreich  and  M.  H.  Cohen,  Phys.  Rev.  115,  786  (1959). 

"  S.  S.  Jha,  Phys,  Rev.  140,  A2020  (1965).  The  authors  are 
indebted  to  Dr,  Jha  for  receiving  a  copy  of  this  paper  prior  tq 
publication. 
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at  oi,— ■  where  oip, is  the  frequency  of  a 

plasma  wave  with  wave  vector  qt—  q,.  If  both  beams 
at  oil  and  oi,  are  incident,  generation  of  the  antistokes 
frequency  at  2 oij—oi,  is  possible,  etc.  All  these  effects 
are  derived  in  a  straightforward  manner  in  Sec.  IV  by 
a  simple  extension  of  the  SHG  calculation  of  Sec.  II. 
The  same  numerical  results  are  obtained  as  from  more 
complex  calculations.7-11  The  stimulated  Raman  effect 
is  so  small  that  it  will  be  of  little  use  as  a  probe  for 
gaseous  plasmas,  although  the  Raman-type  nonlinearity 
may  be  important  in  semiconductor  plasmas  in  the  far 
infrared.  In  Sec.  V  the  same  Raman  effect  is  described 
as  the  parametric  interaction  between  two  light  waves 
and  a  plasma  wave.  This  illustrates  again  the  parallel 
treatment  for  free  and  bound  electrons.  The  Raman 
effect  in  a  plasma  is  quite  analogous  to  the  Raman 
effect  in  liquids  and  solids,15  if  the  optical  phonons  are 
replaced  by  plasmons. 

n.  SELF-CONSISTENT-FIELD  CALCULATION  OF 

THE  LONGITUDINAL  SECOND-HARMONIC 
POLARIZATION  IN  A  PLASMA 

General  expressions  for  the  lowest  order  nonlinear 
susceptibility  have  been  given  by  Cheng  and  Miller 
[Eq.  (13)  of  Ref.  5]  and  by  Pine  [Eq.  (18)  of  Ref.  12]. 
Their  results  are  valid  for  Bloch  one-electron  wave 
functions  in  a  periodic  lattice  potential  and  can  be 
specialized  for  the  case  of  free  electrons.  Because  of  the 
complexity  of  the  expressions,  it  seems  worthwhile  to 
rederive  the  result  for  free  electrons  in  a  special  gauge, 
which  will  clearly  and  explicitly  exhibit  the  self- 
consistent-field  corrections.  Ehrenreich  and  Cohen  first 
utilized  this  method  to  get  physical  insight  in  the  linear 
self-consistent  dielectric  constant.  They  also  pointed 
out  that  the  one-electron  Hamiltonian  approach  is 
equivalent  to  the  random-phase  approximation  in  the 
exact  many-body  problem. 

The  zero-order  or  equilibrium  density  matrix  for  an 
ensemble  of  free  electrons  with  eigenstates, 

|k)=U-1/sexp(tk-r), 

where  H  is  a  volume  of  normalization,  is  given  by 

p(0,|k>-=/o(«k)|k>. 

Here  /0  is  the  Fermi-Dirac  distribution  function  and 
«k=AIA,/2f»  is  the  unperturbed  (kinetic)  energy  in  the 
state  |  k).  The  equation  of  motion  for  the  density  matrix 
must  now  be  solved  in  successive  approximation,  when 
the  perturbation  by  the  transverse  electromagnetic 
wave  and  the  self-consistent  Coulomb  screening  poten¬ 
tial  is  admitted.  Since  general  expressions  have  already 
appeared  elsewhere,14  here  only  the  physically  dominant 


11 Y.  R.  Shen  and  N.  Bloembergcn,  Phys.  Rev.  137, 1787  (1965). 
11  See,  for  example,  Refs.  5  and  12,  or  N.  Bloembergen,  Non¬ 
linear  Optics  (VV.  A.  Benjamin,  Inc.,  New  York,  1965). 


terms  will  be  retained.  The  perturbation  may  be 
written  as 

>'iCPert=  (ei/2mc2)A2+etp,.  (1) 

It  can  be  shown  by  explicit  calculation  that  for  free 
electrons  the  contributions  from  the  linear  term, 

—  (e/2«f){p' A+A-  p},  are  smaller  by  a  factor  (hoi /me2), 
where  «  is  the  light  frequency.  The  transverse  vector 
potential  A  describes  the  light  wave  inside  the  plasma. 
It  is  not  the  incident  field,  but  the  transmitted  wave 
into  the  plasma, 

A  =  Aoexp(fq-r— iW)+A0*  exp(—  tq-r+iai/).  (2) 

The  complex  amplitude  A0  has  twice  the  value  of  the 
more  conventional  definition. 

With  the  perturbation  given  by  Eqs.  (1)  and  (2),  the 
lowest  order  nonvanishing  density-matrix  elements  at 
the  harmonic  frequency  2 w  are  given  by 

-  (2M(k|p<s“>  |  k-  2q>=  (rk- ek_2q)<k |p«“>  |  k- 2q) 
-f-(k|  (e5/2r«cJ)A!+eip,|  k— 2q){/0(ek)-/o(«k-?4)} 

+jT(k|p(s")  |  k— 2q).  (3) 

The  last  term  is  a  phenomenological  damping  term  to 
represent  the  effect  of  collisions  and  Landau  damping. 
The  screening  potential  is  related  to  the  induced  charge 
density  by  Poisson’s  equation.  Using  the  Fourier  series 
expansion  for  the  screening  potential, 

¥>.(*)=  Eq'  V’.,t-e+,Y"I 
and  for  the  charge  density, 

»'2">e=e  Eq’  e+,v’r  Ek’(*'|p(2“Mk'-q'>, 

one  finds 


<k|e*.‘2“>|k-2q) 

=  (Lire2/ 4<f)  E*'<*'|p<Ja,|*'~2q>.  (4) 


When  Eq.  (4)  is  substituted  back  into  Eq.  (3),  the  solu¬ 
tion  can,  after  some  manipulation,  be  written  in  the 
form 


(k|p«»Mk-2q) 

/o(ik-2q)  — /o(ek)  (?  At?  1 

tk— 2q — ek+2/ko-(-tT  2mc2  «scF(2w,2q) 


(5) 


where  «scF(2co,2q)  is  the  longitudinal,  frequency-  and 
wave-vector-dependent,  self-consistent  linear  dielectric 
constant  calculated  by  Ehrenreich  and  Cohen, 


Lire2 

«scF(w,q)  =  1 - E 

<?  k' 


/o(ek-q)— /o(ek) 
ik-q— tk+fay+ir 


(6) 


The  Fourier  transforms  of  the  current  density  opera¬ 
tor  are  given  by 

j<«(q,0)=  (Ae/2m)<r"»-'(— tq+2V) , 
j<»(qA)=-(e2/«!e)A0. 


» 
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The  expectation  value  of  the  nonlinear  second-harmonic 
cun  ent  density  is 

0’(2«.2q)>=  Zk(k— 2q|y<°>  |  k)(k|p(2">  |  k-2q) 

=  {he/m)  Li  (k-  q)  (k|p<2«>  |  k-  2q) .  ^ 

The  nonlinear  current  density  given  by  Eqs.  (5)  and 
(7)  creates  the  second -harmonic  field.  At  optical  fre¬ 
quencies  the  change  in  electron  energy  and  the  damping 
rate  are  small  compared  to  the  photon  energy.  If  the 
denominator  in  Eq.  (5)  is  thus  approximated'  by  2hw, 
one  finds  immediately  from  the  relations  £k/(«k)  =  0, 
Zq/(«k)  =  ATq,  where  N  is  the  number  of  electrons  per 
unit  volume,  that  the  current  density  is  given  by 

jN'L(«V)  =  [AVq/l  02/2mWescr(2u,2q)] 

Xexp(2fq-r-2tw/). 

The  corresponding  nonlinear  susceptibility  is  obtained 
by  replacing  j(2 u)  by  —  2twP(2w)  and  the  vector  po¬ 
tential  A  by  ( ic/u )  E.  One  finds 

pNLS=xNL(2w);Es=r— lWe»£0»(i/4mVe8cF(2«)2q)] 

Xexp(2iq-r— 2to/).  (8) 

This  result  for  the  longitudinal  second-harmonic  po¬ 
larization  could  also  have  been  obtained  more  directly 
from  the  relation  that  the  divergence  of  this  polariza¬ 
tion  equals  the  second -harmonic  charge  density: 

divP(2u)  =  e  5Zk(k|p(J")  |k— 2q) 
pNL8_£2ieq/  (2§)2]  5Zk<k|p(J“>|  k— 2q). 

Substitution  of  Eq.  (5)  and  expansion  of  its  denomina¬ 
tor  in  the  approximation,  h2/2m{ 2k-  (2q)+(2q)J}«2fco, 
again  yields  Eq.  (8).  In  the  limit  of  low  electron  density, 
2<a2>u>p  and  «scf~1,  and  substituting  q/u  =  c~l,  one 
fines  the  same  nonlinear  susceptibility  {—iN^/Amhu1) 
as  was  first  found  by  very  elementaiy  considerations.17 
The  occurrence  of  «scf  in  the  denominator  was  not 
explicitly  noted  before,  but  its  physical  origin  is  evident 
from  the  present  calculation.  Since  the  polarization  is 
longitudinal  there  is  no  second-harmonic  power  radiated 
in  the  plasma.  There  is,  however,  a  reflected  harmonic 
wave  with  the  electric  vector  in  the  plane  of  reflection. 
The  reflected-harmonic  amplitude  has  been  expressed 
in  terms  of  the  nonlinear  volume  polarization  by  Bloem- 
bergen  and  I’ershan.1®  Equation  (4.12)  or  (4.13)  of 
their  paper  with  a  =  0  gives, 

£«.r<.i(2a>) 

4rP^LBt~ll,(u)  sin0, 

=  - - - - - ..  (9) 

«u,(2«){  1— e~l (2a>)  sins0,-}1,!-f-t(2w)  costf, 

Here  is  the  angle  of  incidence  of  the  fundamental 


”  See  Ref.  3,  or  N.  Bloembcrgen,  Ncnlinear  Optics  (W.  A.  Ben¬ 
jamin  and  Company,  New  York,  1965), 

“N.  Bloembcrgen  and  ?.  S.  Pershan,  Phys.  Rev.  128,  606 
(1962).  There  is  a  misprint  in  Eq.  (4.12)  of  this  paper.  The  de¬ 
nominator  of  the  iast  term  should  read  cos0j-+ «r  cos#*” 

instead  of  cos0r+*r  cos#*.” 


wave  on  the  plane  plasma  boundary,  f(u)  is  the  trans¬ 
verse  linear  dielectric  constant  of  the  plasma.  PNLS  iS 
given  by  Eq.  (8)  and  it  should  be  remembered  that  £„ 
in  that  expression  is  the  electric  field  after  refraction 
just  inside  the  plasma.  This  Ec  should  be  computed 
from  the  incident  amplitude  with  the  appropriate  linear 
Fresnel  equation.  For  a  metallic  reflector  this  implies 
a  considerable  reduction  in  its  numerical  value.  A 
quantitative  discussion  will  be  postponed  until  the 
next  section.  There  it  will  be  shown  that  there  are 
surface  terms  which  may  contribute  more  than  the 
volume  polarization.  This  is  perhaps  not  too  surprising, 
since  the  volume  term  is  essentially  a  magnetic  dipole 
term  which  vanishes,  for  constant  &>,  in  the  limit  q — >  0. 

When  the  incident  electric  vector  is  normal  to 
plane  of  incidence,  there  is,  however,  no  surface  con 
tribution.  In  this  case  the  reflected  amplitude  ER(2a) 
from  Eqs.  (8)  and  (9)  and  Fresnel’s  equation  may  be 
expressed  in  terms  of  the  incident  amplitude  £<•>  as 
follows : 


-4tr»AV 
Er{  2o>) - 


4wJcei,(l— J*») 


- - - 

[(cosfy—  (1  —  J*»)  costfj 

4  cos *0i 

X[cos0,+  (cos S9,— (10) 

Here  x=wpfu,  and  wfs=4jrAey»i  is  the  plasma  fre¬ 
quency.  The  dielectric  constants  have  been  taken  in 
the  limit  q  — ♦  0, 

«(m)=1-WpV«*, 

e  (2 w)  -  <bcp(2o),0)  =  1  —  «p*/4m*. 

Except  for  the  factor  cscf-1,  noted  above,  this  result 
agrees  with  a  calculation  by  Jha’9  on  the  basis  of  the 
Boltzmann  transport  equation  for  a  free-electron  gas. 


HI.  THE  SECOND-HARMONIC  SURFACE 
POLARIZATION 

Jha  called  attention  to  the  importance  of  surface 
terms  which  are  connected  with  the  discontinuity  of 
the  normal  component  of  the  electric  Id  at  the  bound¬ 
ary.  For  these  terms  it  is  essential  that  the  incident 
field  has  a  component  in  the  plane  of  incidence.  Choose 
a  coordinate  system  where  this  plane  is  the  xz  plane 
and  let  S  be  the  direction  normal  to  the  boundary. 
According  to  the  macroscopic  equations  the  discon¬ 
tinuity  in  the  normal  component  is  described  by 

d£,/3z=  [  1  -  e~'(ai)]£,.t05(z) , 


.  “  See  Ref.  4.  The  authors 
discussion. 
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where  £^o  is  the  normal  component  of  the  transmitted 
wave  just  outside  the  plasma  It  consists  of  the  sum 
of  ‘he  normal  components  of  the  incident  and  reflected 
waves  and  is  e(«)  times  larger  than  the  ncnnal  compo¬ 
nent  just  inside  the  plasma. 

In  a  microscopic  picture  there  ir-  of  course  no  strict 
discontinuity.  The  normal  component  E,  varies  rapidly 
over  about  one  Thomas- Fermi  screening  length  in  the 
case  of  a  metal.  In  the  case  of  semiconductors,  insulators 
or  any  other  medium  one  can  still  r-q>ect  thr.t  the  field 
component  charges  rapidly  over  about  one  interatomic 
distance.  For  a  detai'ec  calculation  a  precise  knowledge 
of  the  surface  potential  and  the  surface-state  wave 
function  would  be  required. 

Fortunately,  the  radiation  field  of  a  thin  slab  of 
polarization.  0  C:«X,  does  not  depend  sensitively  on 
the  distribution  of  the  polarization  as  a  function  of 
but  only  on  the  integral  J'Pdz.  The  second-harmonic 
surface  polarization  may  therefore  be  calculated  in  the 
following  manner :  The  discontinuity  in  the  normal  com¬ 
ponent  of  the  fundamental  frequency  induces  a  free 
charge  density  at  the  surface 

p(t,u)  =  (1/4«)[1  —  (1 1) 

For  a  free-electron  gas  the  current  density  induced  by 
a  field  A  (r,<o)  for  an  electron  density  p(0,(r)=A'  is 

=  (AV/  mc)k(t,u)  =  (AV/  imw)  E(r, a-) . 

In  the  same  manner  the  second-harmonic  current  den- 
sitv  corresponding  to  the  oscillating  free  charge  density 
{ill  at  the  surface  is 

(2co))  =  (e/-<  Timoj)[l  —  «-»  (o.-)] 

XE(a))£_+o(<«>)  exp(2ifc,x).  (12) 

For  the  normal  component  of  this  surface  current 
density  there  is  some  ambiguity  in  Eq.  (12)  whether 
one  should  take  the  normal  component  of  E(to)  ju  t 
outside  or  inside  the  plasma.  If  one  takes  half  the  sum 
of  these  values,  the  normal  surface  current  density 
becomes 

yi(«urf)(r,2w)—  (e/4»iRtto)[l—  t-,(w)] 

XQ+2  e-1  («)]££«— +o(&>)]J  e.\p(2!*gr) .  (13) 

It  should  be  noted  that  this  normal  component  will 
make  the  dominant  contribution  to  the  reflected  har¬ 
monic  intensity  from  highly  reflecting  materials.  It 
follows  from  the  Fresnel  equations  that  the  tangential 
components  of  the  incident  and  reflected  waves  at 
nearly  cancel  each  other,  while  the  normal  component 
just  outside  the  surface  is  almost  twice  the  nor  lal 
component  of  the  incident  field.  The  normal  component 
£_+„  is  expressed  in  terms  of  the  incident  electric  field 
amplitude  E(<)  which  makes  an  angle  $  with  the  plane 
of  incidence  and  the  direction  of  the  incident  beam 


makes  an  angle  of  incidence  Oi  with  the  normal, 

2  cos#,  sin#, 

£.--io(w)  =  — - £(,)  co<y>. 

casfl,-f-t-1'*(«)(l— t_1(w)  siu2#,)12 

(14) 

From  Eqs.  (13)  and  (1-1)  it  follows  that  the  second- 
harmonic  intensity  generated  by  this  surface  term  is 
projrortional  to  cos\-.  This  dependence  has  recently 
been  observed  by  Brown  and  co-workers20  for  second- 
harmonic  generation  from  metallic  silver.  It  is  therefore 
of  interest  to  compare  the  intensity  produced  by  the 
surface  term  with  the  volume  tenns  of  the  preceding 
section.  The  radiation  from  a  thin  slab-source  distribu¬ 
tion  has  been  given  by  Bloembergen  and  Persltan.21 
Their  Eq.  (6.22)  may  be  used  with  the  following  sub¬ 
stitutions,  —  2 iW'N"LSJ=y/urf,  a—T—0,,  =  t (2a-), 

e.v“l/5sinfl.b  =  sin(?i,  tj/  =  ((<*>).  The  result  is 

2tt€-1  (a-)  sin#/-1 

£«su,f(2a’)  = - 

cos di+t  1,2 (2ai)(l  —  t  sin 0,)'« 

X;VU'!(  2u).  (15) 

When  #,  approaches  zero,  this  field  rapidly  becomes 
very  small,  because  j,{ 2u)  itself  approaches  zero,  as 
well  as  the  factor  sin#,.  In  that  case  the  tangential  com¬ 
ponents  of  the  surface  source  in  Eq.  (12)  should  be 
taken  into  account.  The  radiation  field  can  quite 
generally  be  calculated  with  Eqs.  ^C.i-  and  (6.22)  of 
.Tef.  18.  The  resulting  harmonic  amplitudes  should  be 
added  to  those  obtained  from  the  volume  polarization 
and  subsequently  squared  to  obtain  tire  second-harmonic 
intensity.  The  resulting  equations  for  arbitrary  polariza- 
tior  direction  c  ar.i  arbitrary  angle  of  incidence  Oi  of 
the  fundamental  field  are  cumbersome  and  will  not  be 
reproduced  here.  The  detailed  results  are  essentially 
the  same  as  those  of  jha.21 

It  is,  however,  of  interest  to  compare  the  order  of 
magnitude  of  the  volume  term  given  by  Eqs.  (8)  and 
(9)  with  the  surface  term  given  by  Eqs.  ( » 2),  (14),  and 
(15)  near  angles  Oi-  e—ir/A,  where  the  angular  factors 
do  not  have  zero's.  Leaving  out  all  angular  f  j.c tor .,  the 
ratio  oi  i!,e  second-harmonic  amplitudes  resulting  from 
the  s  -face  contribution  given  by  Eq.  (15)  and  the 
volume  contribution  given  by  Eq.  (10;  has  the  order  of 
magnitude  (<'2/&v)e(u>),  or  about  unity  for  «<o.>  On 
the  basis  of  these  calculations,  it  is  doubtful  that  the 
observed  SI1G  from  metallic  silver  by  Brown  cl  al.  lias 
its  origin  in  a  plasma  effect.  When  the  experimental 
value22  wp/u~  2.2,  instead  of  5,  is  used  in  Jha’s  equa¬ 
tions,  an  observable  volume  effect  should  remain,  when 


*  1’.  Brown.  R.  F..  Parks,  and  A.  M‘  Sleeper  I’hvs.  Rev.  Letters 
Id,  1029  (1965). 

51  S.  S.  J'w,  Pliys.  Rev.  hellers  15.  412  (1965).  This  paper 
appeared  alur  our  manuscript  had  been  submitted  The  experi¬ 
mental  points  should  l>e  compared  with  a  theoretical  calculator 
for  ue/u=  2.2  ralher  than  5. 

°  H.  Ebrenreich  and  H.  R.  Phillip,  Phys.  Rev.  128, 1622  (1962). 
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the  incident  field  is  polarized  normal  to  the  plane  of 
incidence. 

It  lias  been  suggested  that  the  silver  ion  cores23  of 
the  surface  layer  play  a  dominant  role  in  the  SIIG. 
Further  support  that  one  does  not  deal  with  a  plasma 
effect  comes  from  the  observation  by  Bloembergen  and 
Chang23  that  silicon,  germanium  and  other  insulating 
material  with  bulk  inversion  symmetry  also  show  a 
reflected  second- harmonic  intensity  with  a  cosV  de¬ 
pendence  on  the  angle  between  the  incident  electric 
field  and  the  plane  of  incidence.  The  atc.ns  in  the  sur¬ 
face  layer  are  not  at  positions  of  inversion  symmetry, 
and  if  the  incident  electric  field  has  a  component 
normal  to  the  surface,  large  harmonic  dipole  moments 
can  be  induced  in  these  atoms. 

The  dominant  term  for  these  bound  electrons  in  the 
interaction  Hamiltonian  is  the  term 

3C(1>  =  —  (c/2;»c)(p- A-fp- A) 

»  -  {eh/limc)  (dAjdz- f-2A-  7) . 

It  should  be  kept  in  mind  that  A,  varies  rapidly  in  the 
first  atomic  layer  and  that  0A  ,/d z  there  is  so  large 
that  the  “quadrupole-likc”  contribution  from  this  term 
has  the  same  order  of  magnitude  as  an  electric  dipole 
contribution.  The  detailed  matrix  elements  of  3C(I>, 
which  is  very  inhomogeneous  over  the  surface  orbital 
funct:-,n  y-„  are  difficult  to  evaluate.  Because  both 
5C':1)  and  have  even  and  odd  terms  in  s,  the  following 
nonlinear  current  density  is  induced  in  the  surface 
atoms, 

J  bound  (2«.r) 

’  (ir,-ir»+M0i'.-iiv+2//w) 

-j-other  terms  which  differ  in  the  order  of  the 
operators  and  in  the  frequency*  denominators.  (16) 

The  number  of  atoms  per  unit  volume  is  .Vo.  The  cur¬ 
rent  density  operator  is  defined  by 

j (0>  ir) = i  (r—  r0)  •  (Jie/2im)V-{-  {hc/2im)Vh{t—  r0) .  (1 7) 

For  media  with  inversion  symmetry',  the  second  har¬ 
monic  source  density  given  by  Eq.  (16)  is  appreciable 
only  in  a  surface  layer  of  thickness  d,  where  d  is  about 
one  interatomic  distance,  or  the  Thomas-Fermi  screen¬ 
ing  distance  in  a  metal. 

A  rough  estimate  of  the  bound  surface  states  can  be 
obtained  as  follows.  It  is  known  that  the  core  polariza¬ 
bility  of  silver  ions  contributes  appreciably  to  'he 
dielectric  constant  of  the  me' a!  in  the  near  ultraviolet.8’ 
It  is  therefore  not  unreasonable  to  assume  the  same 
nonlinear  polarizability  for  a  silver  ion  at  the  surface 
as  for  a  GaSb  or  In  As  molecule  in  the  bulk  cf  those 

a  ,'oe  paper  hy  N.  Bpembcrgcn  an  1  R.  K.  Chang  in  Ref.  1 1. 

"  See  Ref.  22. 


piezoelectric  crystals  The  current  density  integrated 
over  a  layer  of  thickness  d  gives  therefore  a  surface 
source  2iu>x^LdE  where  xNL~  I0~8  esu  as  for 
GaSb,  and  ff~2XlO~s  cm.  This  should  be  compared 
with  the  plasma-surface  source  of  magnitude  (e/4irmu>) 
XE_+o!  according  to  Eq.  (13).  One  finds  for  the  ratio 
of  bound-surface  to  plasma-surface  contribution  Sirmi* 
XxNLdc~:K=S  in  our  numerical  example.  For  the  second- 
harmonic  intensity  this  ratio  must  be  squared,  and  the 
bound  electron  in  the  surface  layer  could  easily  con¬ 
tribute  one  or  two  orders  of  magnitude  more  than  the 
total  plasma  contribution.  For  the  bound-surface  elec¬ 
trons  the  same  symmetry  considerations  hold  as  for  the 
plasma  effect.  The  surface  layer  is  amorphous  and 
essentially  isotropic  for  directions  in  the  plane  of  the 
boundary.  The  current  deasity  has  tengential  com¬ 
ponent  j,  proportional  to  EtE,  and  jv  proportional  to 
E,E-.  The  normal  component  j,  proportional  to  E* 
will  be  dominant  for  good  reflectors  since  the  normal 
component  E,  is  much  larger  than  the  tangential  com¬ 
ponents  in  that  case  The  second-harmonic  intensity  is 
consequently  proportional  to  /,*  or  cosV,  and  the  elec¬ 
tric  field  Eg(2u)  should  lie  in  the  plane  of  reflection. 
The  effect  should  occur  quite  generally  at  the  surface 
cf  dense  polarizable  media,  including  liquids.  The  SHG 
should  not  depend  strongly  on  the  plasma  density.  The 
available  observations  on  silver,  silicon,  and  germanium 
are  in  agreement  with  this  picture. 

IV.  THE  RAMAN  SUSCEPTIBILITY 
OF  A  PLASMA 

The  next  higher  order  nonlinearities  may  be  calcu¬ 
lated  in  a  similar  manner.  In  principle,  again  volume 
and  surface  terms  should  be  con'  ^ered.  The  most 
important  case  is  the  volume  effect,  which  occurs  when 
two  electromagnetic  waves  traverse  the  plasma,  with  a 
difference  in  frequency  close  to  the  plasma  frequency. 
The  vector  potential  in  Eq.  (2)  now  consists  of  four 
terms  with  amplitudes  Ai,  AL*,  A„  and  A*  and  fre¬ 
quencies  wt,  -ai,  co,,  and  — c e„  respectively'.  The 
dominant  term  in  the  density-matrix  quadratic  in  »he 
field  amplitudes  results  from  the  resonance  which  occurs 
when  «£— to,  is  near  the  plasma  frequency.  In  analogy 
with  Eq.  (5)  one  finds  immediately, 

<k|p(--“t)jk+q.— qz) 

/o(«k+qr-qi.)—/o(ek)  2elA,Ai* 

-k+q.— qz~  ek+*(«,+Wt)+»T  2 WC* 

X*scf(«z— qz—  q.). 

For  RcesrF~0,  a  resonance  occurs.  Large 

density  fluctuations  are  induced  at  the  difference  fre¬ 
quency,  which  beat  again  with  the  incident  laser  field 
at  cot-  In  th:  manner  a  curren  density  at  the  Stokes 
frequency  '  is  induced,  which  is  cubic  in  the  field 
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amplitudes, 

—  (r/wt).4i|k+q.) 

-w _ 

Mi’i’tscF* (<*!/,— qz,—  q.) 

/oC^k+qj—  SZ.) 

xL - - - - •  (18) 

k  ‘k+q^qt- <k UlY 

When  the  piasmon  energy  is  considered  to  be  the  lead¬ 
ing  term  in  the  denominator,  h(on,- a\j)»(/i*/2»?) 
X(qz.—  q,)  kf  and  »i— w,>l’,  an  expansion  of  the 
denominator  yields  for  Eq.  (18)  the  simple  expression, 

jlUiii»n(w«,q«) 

-AVl.ld’-A.  (qe-q.)!  ,  s 

- - (19) 

irPcU set* (ul—Ui,  qz,— q.)  (ft—  u.)2 

For  forward  Raman  scattering  the  hist  factor  may  be 
replaced  by  c1.  It  should  be  noted  that  the  picture  of 
resonance  with  a  plasma  wave  only  has  validity  for 
!q/.-q.l«/-o“1  where  I.n  is  the  Debye  length  of  the 
plasma.  For  larger  values  the  real  partol  e?cr  ('•••’,  qz,—  q.) 
cannot  be  made  equal  to  rero.  For  gaseous  plasmas, 
the  resonance  occurs  only  near  the  forward  direction. 
At  th  plasma  resonance  «Scf*  is  negative  imaginary 
r..u  has  a  value  —  i(atT)-\  where  the  decay  time  for 
the  power  is  determined  by  the  Landau  damping  rate 
and  the  collision  r;ue  r-1  -  TLam;alr1 + rcoif One  may 
again  replace  the  current  density  by  an  equivalent 
polarization  and  the  vector  potentials  bv  ihe  corre¬ 
sponding  electric  field  amplitudes.  In  this  manner  tire 
Raman  susceptibility  for  a  plasma  is  introduced.  For 
resonant  scattering  in  the  forward  direction  one  finds 

P(<a«,qt)=XB»m»n  I  Li|*E, 

—  ;.W 

= - : - -!£t!4E..  (20) 

Off  resonance,  where  «scf~1,  one  should  replace  /«,r 
by  unity  in  Eq.  (20)  In  that  ease  the  same  formula 
could  have  been  obtained  from  a  very  elementary  inde¬ 
pendent  electron  model. 

The  Raman  polarization  given  by  Eq.  (20)  is  90° 
out  of  phase  with  the  Stokes  held  E„  The  susceptibility 
is  negative  imaginary  and  produces  an  exponential 
gain  at  the  frequency  u,.  If  one  takes  a  plasma  char¬ 
acterized  by  the  same  parameters  as  the  case  con¬ 
sul'. cd  by  kroll,  Ron,  and  Rostoker,25  «»  =  10M  enr3, 
«pT— 10*,  and  <az,=w,+w,,=  2ir(4X10'4)~l,  one  finds 
xitam»* 5=5 10“”  esu.  This  is  about  ten  orders  of  mag¬ 
nitude  smaller  than  the  Raman  susceptibility  of  liquids 
ordinarily  used  in  Raman  lasers.  Since  the  plasma 


frequency  is  very  small  compared  to  the  light  frequency 
in  this  example,  the  susceptibility  can  be  considerably 
enhanced  by  introducing  a  small  angle  between  the 
Stokes  and  the  laser  beam.  In  that  case  one  should 
return  to  the  more  general  expression  Eq.  (19).  The 
optimum  value  of 

C'scF^f^z- w«  qt- q.)]~ 1  (qz.- q.):(wt-a>,)-* 

can  be  made  about  a  factor  It)4  larger  in  this  example 
than  (o>vt)c~2  which  it  assumes  in  the  forward  direc¬ 
tion.  The  nonlinear  susceptibility  for  this  optimum 
direction,  occurring  at  angle  of  about  1U~*  radian  be¬ 
tween  the  two  light  beams,  is  still  six  orders  of  magni¬ 
tude  smaller  than  that  in  ordinary  Raman  liquids.  It  is 
doubtful  that  the  stimulated  Raman  effect  in  a  plasma 
will  lead  to  observ  able  effects. 

Since  Kroll  and  co-workers  arrived  at  a  more  opti¬ 
mistic  conclusion,  it  is  of  interest  to  show  that  our 
result  can  be  reconciled  numerically  with  their  equation 
for  u  scattering  cross  section  per  unit  solid  angle.  They, 
and  other  workers,  considered  a  scattering  process 
involving  four  light  quanta  with  frequencies  on,  o.n,  jcj, 
and  an,  satisfying  the  energy  and  momentum  conserva¬ 
tion  relationships  «<— zcj— and  q4—  q5 
-  qj—  qi.  Although  the  calculation  for  this  cross  section 
is  considerably  more  complicated  in  scattering  theory 
than  the  calculation  of  an  inelastic  Raman  scattering 
involving  only  tire  two  quanta  o/.  and  u-„  the  calcula¬ 
tion  of  the  corresponding  complex  nonlinear  suscepti¬ 
bility  ;s  straightforward  and  essentially  the  same  as 
for  the  Raman  process.  The  complex  susceptibilities 
automatically  take  account  of  all  questions  of  phase 
coherence  and  clastic  and  inelastic  scattering  processes. 
In  direct  analogy  to  Eq.  (20),  one  finds  a  polarization 
at  <c«, 

P x  *'  (<^r  ~  so;— f-ces — a?i) 


-ztoC4(q:-qi)! 


oi  iwjci?  juu  m 3  (ci?2 — a>  i)se  sc  f*  (fc‘2—  w  i  ,  q  2--  q  i ) 


-E»E3E* . 
(21) 


For  (i-4  represents,  of  course,  the  anti-Stokes 

frequency. 

Consider  a  homogeneous  interaction  region  in  the 
plasma  of  volume  V=Al,  where  A  is  the  cross-  sectional 
area  of  the  three  beams  E,,  E3,  and  E*  and  l  is  the  length. 
The  held  strength  Et  of  the  phase  matched  wave  at  on, 
which  is  parametrically  generat'd  in  the  volume  V, 
is  L  veil  by*® 

Et = -!*/«  '•(«,- a-2+ unhncr'l .  (23) 


The  total  power  radiated  at  un  is 
r 
It 


Sir«o*c,|/i1(J|  Es|3|£j|* 

4|-= - —  - - -~AP.  (23) 


wV5(0;*(i)-/i0j! |  Cscf[2 


I 


“  See  Ref.  8. 


34  See  Ref.  17. 
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A  factor  2ir  rather  than  fir  is  used  in  the  denominator 
of  the  Poynting  vector  because  our  amplitudes  are 
defined  in  Eq.  (2)  as  twice  the  conventional  ones.  In 
this  form  the  result  may  he  compared  with  the  scatter¬ 
ing  cross  section  per  electron  for  a  four-photon  collision, 
cii3+«2— +  wi-f-w«,  given  by  Kroll,  Ron,  and  Rostoker, 

(1<T  (fS/»l£2)SA-4l  A;  Is!  Ad2 

— - S(k~Ak),  (24) 

ilil  32  (2  j «  scf  | 2 

where  kl = w // c1  —  ■irihcP/mc-  and  5(k— Ak)«F,  and 
the  amplitudes  now  have  the  conventional  definition. 
The  total  cross  section  for  the  volume  V,  integrated 
over  the  solid  angle  d%  which  is  determined  by  the 
diffraction  limit  from  an  area  .4,  d9.~  (47reVa'3(-‘4).T  *, 
is  obtained  by  multiplying  Eq.  (24)  bv  rtoAldU, 

ir«os,;8.4  ^  |  Ej  [ 2  i  £2  j ! 

a  total  = - .  (25) 

we<  tscr'l5 

The  number  of  incident  quanta  in  the  beam  at  u3  per 
second  is  c  |  £s  j *A  /8jr/to3.  The  number  of  scattcicd 
quanta  at  ut  is 

and  the  total  scattered  intensity  at  is 

I (u-4/«3)ci  F.i'1<riotJ'rir.  (20) 

When  Eq.  (25)  is  substituted  into  Eq.  (26),  a  result  is 
obtained  that  is  a  factor  2*  smaller  than  given  by  Eq. 
(23).  This  difference  may  be  ascribed  to  the  difference 
in  definition  of  the  field  amplitudes.  The  amplitudes 
defined  by  Eq.  (2)  and  used  in  Eq.  (23)  are  a  factor 
2  smaller  than  the  conventional  amplitudes  used  in 
Eqs.  (24-26). 

Although  there  is  formal  agreement  between  the 
two  results,  the  rather  more  optimistic  estimate  of  de¬ 
tectability  by  Kroll  and  co-workers  can  be  traced  to 
their  use  of  the  scattering  cross  section  per  unit  solid 
angle.  For  a  diffraction  limited  beam  the  total  available 
solid  angle  is  quite  small,  and  the  total  scattered  in¬ 
tensity  is  probably  more  significant  from  an  experi¬ 
mental  point  of  view.  Baym  and  llellwarth  have  inde¬ 
pendently  arrived  at  a  similar  conclusion.27 

In  a  metal  plasma  tne  electron  density  can  be  higher 
by  eight  orders  of  magnitude  than  in  the  preceding 
example,  while  the  quality  factor  uP-  of  the  plasma 
resonance  in  silver  can  be  taken  as  10s.  The  nonlinear 
susceptibiliby  for  two  ultraviolet  beams  could  thus  be 
substantially  higher  than  a  gaseous  plasma.  Unfor¬ 
tunately  the  transparency  of  metals  for  frequencies 
u>ci)r  is  far  from  perfect  due  to  excitation  of  core 
electrons.  The  absorption  from  powerful  ultraviolet 
beams,  if  these  were  available,  would  probably  be 
prohibitive.  The  best  possibility  to  detect  the  stimu- 


17  Paper  by  G.  Baym  and  R.  W,  HcUwarth  in  Rcl.  11. 


lated  Raman  effect  in  a  plasma  would  appear  to  be  for 
infrared  beams  in  a  semiconductor  plasma.  Spontaneous 
inelastic  or  Raman  scattering  should  be  easier  to  detect 
than  the  stimulated  effects. 

V.  THE  INTERACTION  BETWEEN  TWO  LIGHT 
WAVES  AND  A  PLASMA  WAVE 

The  Raman  and  Brillouin  effect,  in  liquids  and  solids 
can  be  described  as  the  parametric  interaction  between 
two  light  waves  and  a  vibrational  wave.  When  the 
optical  or  acoustical  phonon  wave  is  heavily  damped, 
this  description  is  equivalent  to  one  in  terms  of  Raman 
susceptibilities.”  In  this  section  the  Raman  effect  in  a 
plasma  will  be  described  in  terms  of  a  parametric  inter¬ 
action  between  two  light  waves  and  a  plasma  wave. 
An  equivalent  discussion  with  detailed  numerical  ex¬ 
amples  has  independently  been  given  by  Cosimar.” 

Consider  a  small  volume  element  at  the  point  r.  Let 
the  average  deviation  of  the  electrons  from  their  equi¬ 
librium  position  in  this  volume  element  be  u(r). 
Introduce  normal  coordinates  Qu  as  the  Fourier  trans¬ 
form  of  this  average  deviation  or  local  strain  of  the 
electron  gas, 

Q*=  j  u(r  )e~<k’rePr. 

The  canonical  conjugate  to  this  variable  is  P*.  The 
Hamiltonian  density  for  the  plasma  waves  then  takes 
the  form,*0 

2  )_l((l/-Vr«)Pk-  P-k+u^Ok-Q-k 

-Hi.WOkQ-k).  (27) 

Here  .V  is  the  average  number  of  electrons  per  unit 
volume  and  a  is  the  bulk  modulus  of  the  electron  gas. 
The  fluctuation  in  the  electron  density  from  the  average 
due  to  the  presence  of  plasma  waves  is 

&p(t)-X  divu  =  i.Y  Yjk  k-QtC,k  r. 

The  change  in  the  interaction  of  the  tw-o  light  waves 
with  the  electrons  in  a  un:t  volume  due  to  the  presence 
of  the  plasma  waves  is  consequently 

3Gi„t~  (f*/2wcI)A26p(r) , 

where 

A=Ate<,L,r-,“t,+AJe<«*,r-ft'«,+c.c. 

When  all  nonresonant  perturbations  are  truncated,  the 
interaction  Hamiltonian  density  between  the  two  linear 
parallel  polarized  light  waves  and  the  longitudinal 
plasma  wax  es  (Q  k)  becomes, 

3Cin,-  (f.Ye7/mc2)  V  k  kA  iA  ,*Ot*e‘<(,,“(’,-k>'r-fc.c.  (23) 


»  See  Ref.  15. 

11  G.  C.  C’orimar  (private  communication).  The  authors  are 
indebted  to  Dr.  Cosiiuar  for  receiving  a  copy  of  a  forthcoming 
paper. 

*  See.  for  example.  C.  Kittci,  Quantum  Theory  of  Solids  (John 
Wiley  &  Sons,  Inc.,  New  York,  1963)  p.  35. 
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The  equations  of  motion  for  the  plasma  coordinate  are 

Pk=-d(XvUmlA+Xint)/dQk, 

Qk~  +t)(3Cp|asnl3+3€i„,)/d7>i . 

These  equations  of  motion  can  be  combined  into  a 
wave  equation  for  Qt.  Because  of  the  presence  of  3Cinl 
a  driving  term  proportional  to  the  light  amplitudes 
.4 iA •*  is  added  to  the  plasma  wave  equation.  Landau 
damping  and  damping  by  collisions  may  be  taken  into 
account  by  a  phenomenological  damping  term, 

&+aV*0k+«,K?* 

=  (ie:k/mV)ALA*+  (2iwk/r')Qk .  (29) 


media.  If  the  laser  amplitude  can  be  taken  as  a  constant 
parameter,  a  set  of  two  linear  coupled  equations  (29) 
and  (32)  for  A.  and  Q  results.  An  exact  solution  can 
readily  be  written  down,  but  the  following  approximate 
solution  will  be  adequate  for  our  purposes.  Since  the 
plasma  wave  is  heavily  damped  its  amplitude  is  essen¬ 
tially  the  driven  steady  state  value,  when  the  right- 
hand  side  of  Eq.  (20)  is  separately  put  equal  to  zero. 
When  the  value  of  Q  so  obtained  is  substituted  back 
into  Eq.  (30),  one  obtains  for  forward  scattering, 

AVP 


The  exponential  factor 

exp{t(qL-  q,-  k)  •  r—  u>*)f} 


AV 


MlN-  (33) 


can  be  dropped  from  the  inhomogeneous  driving 
term,  because  the  effect  of  coupling  between  the  light 
waver-  and  plasma  wave  will  be  small  unless  the  condi¬ 
tions  of  conservation  of  energy  and  momentum  are 
satisfied,  ft— and  qt—  q,=  k.  The  plasma  wave 
concept  only  has  validity,  if  its  wavelength  is  long 
compared  to  the  characteristic  Debye  length.  For  the 
most  important  case  of  forward  scattering  with 
parallel  laser  and  stokes  beams  this  condition  will 
usually  be  satisfied.  One  may  then  write  k=qi.—q. 
—wv/c,  because  the  dispersion  in  the  plasma  frequency 
will  then  be  negligible  since  (a/Xtn )(qr  —  i/rfk-Ca- p5 .  The 
characteristic  time  r'  in  Eq.  (29)  refers  to  the  decay 
time  for  the  amplitude.  The  decay  rate  for  the  power  is 
related  to  the  imaginary  part  of  the  longitudinal  di¬ 
electric  constant  by  2 r'-1=  fsrV'^v 

The  wave  equations  for  the  light  amplitudes .4  L  and  A , 
are  also  augmented  by  a  nonlinear  term,  because  the 
interaction  Hamiltonian  gives  rise  to  a  nonlinear  air- 
rent  density, 

2NL(f.)  =  -  cdXlnt/0A  L*  =  (+  iN<?/mc)kA  ,.Qk*  (30) 

and  a  similar  expression  for  jNL(w  J.  The  wave  equa¬ 
tions  for  the  two  light  waves  become,  consequently, 

-  A  H-cV=  {A*iN<*/m)kA  ,Qk ,  (31 ) 

{AriNf/mkAiQf.  (22) 

The  set  of  three  coupled  nonlinear  wave  equations  is 
familiar  from  the  Briliouin  and  Raman  effect  in  other 


This  is  identical  to  the  result  of  Eq.  (19)  taken  at 
resonance,  escr'=0.  The  equivalence  of  the  two  dif¬ 
ferent  ways  to  describe  the  interaction  between  photons 
and  plasmons  is  thus  established.  When  the  value  of  Q 
is  substituted  into  the  wave  equation  (32),  one  obtains 
the  exponential  gain  at  the  Stokes  frequency.  Coupling 
with  anti-Stokes  waves  in  the  plasma,  etc.,  can  of 
course  be  treated  in  the  same  manner. 

VI.  CONCLUSION 

The  optical  nonlinearities  of  a  plasma  can  be  treated 
by  the  same  methods  that  have  been  used  to  describe 
the  nonlinear  optical  properties  of  other  media.  The 
nonlinearities  of  the  plasmas  are  generally  smaller  by 
many  orders  of  magnitude,  because  they  would  vanish 
altogether  for  free  electrons  in  the  electric  dipole 
approximation. 

Although  spontaneous  nonlinear  scattering  processes 
in  certain  plasmas  may  be  detectable,  stimulated  Raman 
effects  would  hardly  be  accessible  to  experimental  ob¬ 
servation  at  optical  frequencies.  The  situation  is  of 
course  much  moie  favorable  in  the  far  infrared  and 
microwave  region.  Even  the  lower  order  nonlinear 
process  of  second-harmonic  generation  from  a  plasma 
lias  not  been  established  experimentally  at  optical  fre¬ 
quencies.  The  second-ha-  -nonic  radiation  observed  from 
a  silver  surface  is  shown  to  have  its  origin  in  the  non¬ 
linearity  of  bound  electrons  in  the  ion  cores  of  a  mona¬ 
tomic  surface  layer. 
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Optical  Nonlinearities  in  a  Plasma,  N.  Bloem- 
bergen  AND  Y.  R.  Shen  [Phys.  Rev.  141,  298 
(1966)3.  The  factor  «scf_1  =  (1  —  i**)-1  should  be 
omitted  from  the  right-hand  side  of  Eq.  (10).  Al¬ 
though  the  straightforward  substitution  of  Eq.  (8) 
into  Eq.  (9)  includes  this  factor,  this  procedure  is 
incorrect.  The  reason  is  that  the  self-consistent  non¬ 
linear  longitudinal  polarization  given  by  Eq.  (8) 
includes  a  part  corresponding  to  the  linear  polariza¬ 
tion  induced  by  the  self-consistent  longitudinal  com¬ 
ponent  of  the  field.  This  part  must  be  subtracted 
before  the  substitution  into  Eq.  (9),  derived  by 


Bloembergen  and  Pershan,  is  made.  In  their  deriva¬ 
tion  of  Eq.  (9)  a  different  gauge,  with  &=0,  was 
used,  while  Eq.  (8)  in  this  paper  is  derived  in  a 
gauge  with  a  nonvanishing  <f>,.  The  result  is  that 
the  factor  «scf-’  must  be  dropped  and  our  Eq.  (10) 
becomes  identical  with  the  volume  term  derived  by 
Jha.  The  authors  are  indebted  to  Dr.  S.  S.  }hi  and 
Dr.  A.  Pine  for  clarifying  discussions. 

The  name  in  Ref.  29  is  misspelled.  Reference  29 
should  now  read :  G.  C.  Comi&ar,  Phys.  Rev.  141, 
200  (1966). 
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Interaction  between  Light  Waves  and  Spin  Waves* 

Y.  R.  Shen 

Department  of  Physics,  University  of  California,  Berkeley,  California 
AND 

N.  R LOElf BERGEN f 

Department  of  l-lleetrical  Engineering,  University  of  California,  Berkeley,  California 
(Receivet'  1  September  1965) 

The  coupling  of  photons  and  magnons  tan  be  realed  by  the  same  methods  developed  for  the  coupling 
Iretween  photons  and  phonons.  The  coupled  wave  equations  are  derived  directly  from  the  Hamiltonian 
density  for  the  quantized  fields  with  the  density-matrix  formalnm.  The  similarity  between  the  spin  Raman 
effect  and  the  vibrati-n»l  Raman  effect  is  emplutsized  and  it  <•  shown  that  the  spin  Raman  effect  will  usually 
be  one  or  two  orders  of  magnitude  smaller  than  the  vibrational  effect  in  Raman  liquids.  The  possibility  of 
ericiting  spin-wave  modes  by  light  in  ferro-,  fern-,  and  antiferromagnetic  materials  is  discussed.  The  com¬ 
bined  coupling  of  magnetic,  vibrational,  and  light  waves  is  also  analyzed  and  a  magnon  excitation  may  be 
induced  by  the  stimulated  Brillomn  effect  on  a  magnctoelastic  mode. 


I.  INTRODUCTION 

THE  Raman  effect  can  be  described  as  a  second- 
order  inelastic  scattering  of  light,  ir.  which  the 
scattering  system  makes  a  transition  to  an  excited 
state.1  Originally  the  spontaneous  Raman  scattering  was 
almost  exclusively  employed  to  study  vibrational  and 


•This  research  was  supported  by  the  U.  S.  Office  of  Naval 
Research. 

t  On  leave  from  Harvard  University. 

1 P.  A.  M.  llirac,  Proc  Hoy.  Soc.  (I^mrinn)  A114,  710 
(1927) 


rotational  excitations  of  molecules.5  Loudon’  suggested 
that  electronic  excitations  of  transition-metal  ions 
should  be  observable  in  the  Raman  effect.  Hotigen  and 
Singh4  independently  succeeded  in  finding  this  purely 
electronic  Raman  effect  for  Pr4-  tons  in  LaF3. 

It  is  also  possible  for  the  excitation  to  be  of  a  purely 


1  See,  for  example,  G.  Placzek,  Marx  Uanibuch  tier  Radinlogie, 
edited  by  E.  Marx  (Academische  Verlagsgcsellschaft,  Leipzig, 
Germany,  1934),  2nd  ed.,  Vol.  VI,  part  II,  p.  209. 

1  R.  J.  Elliott  and  R.  Loudon,  Phjs.  1-ctim  3,  189  (1964); 
R.  Loudon,  Advar..  Phys.  13,  423  (1964). 

4  J,  T.  Hougcn  and  S.  Singh,  Pliys  Rev  Letter*  10,  406  (1963). 
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Fig.  t.  Energy  diagrams  showing 
the  spin  Raman  processes,  (a)  Mag¬ 
netic  dipole  Raman  transitions  in  a 
lwo-levcl  spin  system;  (b)  electric- 
dipole  Raman  transitions  in  a  system 
with  negligible  crystalline  field;  (c) 
electric-dipole  Raman  transitions  in  a 
svsteni  with  an  appreciable  crystalline 
field. 


magnetic  nature.  In  this  case  the  excited  state  differs 
from  the  ground  state  in  the  spin  magnetic  quantum 
number.  Such  two  photon  processes  are  well  known  in 
magnetic  resonance.4  The  Raman  susceptibility  for  the 
purely  magnetic  dipole  transitions  in  a  two-level  system 
[Fig.  1  (a)]  has  been  reviewed  by  the  present  authors  • 
The  final  state  with  a  different  magnetic  quantum 
number  may  also  be  reached  with  electric  dipole  transi¬ 
tions  via  a  virtual  electronic  excited  state,  as  shown  in 
Fig.  1  (b).  It  is  of  course  necessary  in  this  case  to  invoke 
spin-orbit  coupling  to  change  the  spin  quantum  number. 
This  process  was  also  suggested  by  Loudon.’  In  the 
simplest  case,  the  transition  from  the  state  }  to 

m,=  -f  J  in  a  Kramers  ground-state  doublet  of  a55ii2  ion 
would  take  place  with  a  virtual  optical  transition  to  the 
2 Pa/ j  or  :P i-j  manifold.  Although  the  optical  electric 
dipole  matrix  elements  cannot  change  the  spin  magnetic 
quantum  number,  it  is  possible  to  reach  the  final  state 
with  Am,=  ±l  by  invoking  the  spin-orbit  coupling,  as 
indicated  in  Fig.  1(b).  More  generally,  for  transition 
metal  ions  with  spin-orbit  coupling  in  crystalline  fields 
of  arbitrary  strength,  different  magnetic  sublevels  of  the 
ground  state  multiplet  could  be  reached  via  a  two- 
photon  process  with  electric  dipole  matrix  elements, 
provided  the  initial  and  final  states  have  components 
whose  magnetic  quantum  numbers  differ  by  Am,  =  0, 
±1  or  ±2,  as  shown  in  Fig.  1  (c). 

In  ferro-,  ferri-,  and  antiferromagnetic  materials,  the 
spin  excitation  is  not  localized  and  the  elementary 
excitation  is  described  as  a  spin  wave.  It  is  the  purpose 
of  this  paper  to  present  the  formalism  which  describes 
the  colliding  of  light  waves  to  these  spin-wave  excita¬ 
tions  and  to  discuss  the  possibility  of  observing  the 
stimulated  spin  Raman  effect  in  magnetic  media. 

The  same  formalism  that  was  developed7  *  to  describe 

•  A  [avan,  J.  Phys.  Radium  19,  836  (1958) ;  J.  M.  Winler,  ibid. 
1«.  S34  (1958). 

•  N.  Bloeir.bcrgen  and  Y.  R.  Shen,  Phys.  Rev.  133,  A37  (1964). 

7E.  Carmine,  F  Pandarese,  and  C.  H.  Townes,  Phys.  Rev. 

Letters  11,  160  (1963);  R.  W.  Hellwarth,  Current  Sci.  India  33, 
t29  (t964). 

•  N.  BlocmljcrRcn  and  Y.  R.  Shen,  Phys.  Rev.  Letters  12,  504 
(1964).  Y  R.  Shen  anil  N.  Bloerabcrgen,  Phys.  Rev.  137,  A 1787 
0965). 


the  coupling  of  light  waves  with  acoustical  waves 
(stimulated  Brillouin  effect)  and  with  optical  phonons 
(stimulated  Raman  effect)  can  be  adapted  to  the  case  of 
magnetic  excitations.  In  Sec.  II,  the  general  quantum 
mechanical  formulation  for  coupled  boson  fields  is 
applied  to  the  coupling  of  electromagnetic  fields  and 
vibrations.  The  wave  equations  for  the  expectation 
values  of  the  fields  and  the  nonlinear  coupling  constants 
are  derived  directly  from  a  Hamiltonian.  Although 
localized  electronic  states  are  used,  as  would  be  ap¬ 
propriate  for  insulators,  the  considerations  could  readily 
be  extended  to  conductors  by  using  itinerant  Bloch 
wave  functions. 

In  Sec.  Ill  this  same  procedure  is  applied  to  magnons. 
The  exponential  gain  for  the  Stokes  wave  in  the  spin 
Raman  effect  is  derived  from  the  coupled  wave  equa¬ 
tions.  The  result  reduces  to  that  derived  from  a  spin 
Raman  susceptibility  for  isolated  magnetic  ions,  which 
would  be  appropriate  in  the  paramagnetic  case. 

The  possibility  of  detecting  the  spin  Raman  effect  in 
various  magnetic  systems  is  discussed  in  Sec.  IV.  Some 
explicit  equations  are  given  for  the  two-sublattice  model 
for  ferri-  and  antiferromagnetic  materials.  The  spin 
Raman  effect  is  roughly  1  or  2  orders  of  magnitude 
smaller  than  the  ordinary  Raman  effect  in  liquids,  be¬ 
cause  the  oscillator  strengths  of  the  electronic  transi¬ 
tions  involved  in  the  magnetic  ions  are  smaller  than 
those  involved  in  the  molecules.  In  Sec.  V,  the  general 
case  of  coupling  between  laser,  Stokes,  and  infrared 
electromagnetic  waves  with  phonon  and  magnon  waves 
is  discussed.  A  magnetic  excitation  could  be  induced  by 
the  combination  of  the  stimulated  Brillouin  and  the 
spin  Rantan  effect. 

U.  COUPLING  OF  LIGHT  WITH  PHONONS 

A  detailed  calculation  of  the  ordinary  stimulated 
Raman  and  Brillcuin  scattering  has  been  given  earlier.* 
In  this  section,  a  brief  review  of  the  subject  is  given  in 
order  to  develop  notations  convenient  for  the  later 
discussion  of  coupling  of  light  with  magnons.  This  also 
affords  the  opportunity  to  generalize  the  formalism  so 
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that  both  the  light  and  the  other  coupled  boson  fields 
are  quantized.  The  wive  equations  together  with  the 
coupling  constants  are  derived  directly  from  the  total 
Hamiltonian  of  the  system 

The  Hamiltonian  for  the  radiation  field  can  be  quantized 
in  the  usual  way,9  as  well  as  the  phonon  Hamiltonian  in 
its  harmonic  approximation.10 

3C«<|S=Z) 

k.i 

(2) 

«K-phoiitm  =  Hit) i .  J  (tt q; i ) • 

a,  af  and  a,  af  are  the  annihilation  and  creation  opera¬ 
tors  for  photons  and  phonons,  respectively.  Their 
operations  on  the  number  states  yield  a]«)=«1,l|rt—  1) 
and  af  |  tt)  —  (n+  I)1|J  j  h+1).  The  photon  and  the  phonon 
wave  vectors  are  indicated  by  k  and  q,  respectively.  The 
particular  phonon  branch  under  consideration  is  labeled 

by  j- 

The  interaction  Hamiltonian  consists  of  two  parts, 
the  electron-phonon  interaction  and  the  electron-radia¬ 
tion  interaction,  which  may  be  written  in  the  form 


(3) 

3Ce*r“  ^  f 

m,6 

(4) 

3C*.p=  ^2  \J Afm mb’  . 

«.  b 


In  a  nonpolar  medium  the  phonon-radiation  interaction 
can  be  neglected.  The  Raman  effect  in  polar  media  has 
been  discussed  elsewhere.11  In  Eq.  (4),  er,  E,  M,  U,  and  f 
are  the  electric  dipole,  the  electric  field,  the  atomic  mass, 
the  atomic  displacement,  and  the  generalized  force  on 
the  atom,  respectively.  The  indices  m  and  6  refer  to  the 
6th  atom  in  the  with  unit  cell  of  the  lattice.  Both 
operators  E  and  U  can  be  expanded  in  terms  of  annihi¬ 
lation  and  creation  operators.  In  the  Schrodinger 
representation, 

E«k=Lk  [E+  (k)«*  R-+ E- (k)e- *  *-] , 

E+(k)  =  i(2irAu>k/K)1'J&rk ,  (5a) 

E-(k)  =  f(2irWK)l^*ak>, 


where  the  fields  are  normalized  with  respect  to  a 
volume  V  ) 

IU = £  [U+  (q,»,  »«*•“" +U~(q, 6,  j)r  •’<■*»] , 

1  i 

U+(q,6,i)=  (k/2M  k.Vo>  „)1,*e  (q,6,y)a,/ , 

U-(q,6,j)=  (A/23f*.YW,;)1'*e*(q,6,i)a„» , 

(«(qAj)}-  { e  (q  ,b,j)V  s  £  i>  C  (q,6,  j)  ■  e*  (q,6,  j)  =  1 . 

•See,  for  example,  W.  Heitler,  Quantum  Theory  of  Radiation 
(Oxford  University  Press,  New  York,  1954). 

“Sec,  for  example,  t.  M.  Ziman,  Electrons  and  Phonons 
(Clarendon  Press,  Oxford,  1960). 

11 Y.  R.  Shen,  Phys.  Rev.  137,  A1741  (1965). 


Here  N  is  the  number  of  unit  cells  in  the  lattice,  R„  the 
position  of  the  with  unit  cell,  i  the  unit  vector  indicating 
polarization  of  the  r.  field,  and  {«)  a  set  of  6  vectors 
with  e(q,6J)  denoting  the  relative  displacement  of  the 
6th  atom  in  a  unit  cell  corresponding  to  the  phonon 
mode  specified  by  q  and  j. 

The  wave  equations  for  photons  and  phonons  can  be 
derived  using  the  density-matrix  formalism  Let  p  be  the 
density-matrix  operator  for  the  entire  system.  The 
density-matrix  operator  for  the  radiation  system  alone 
is  obtained  by  taking  the  trace  over  electron  and  phonon 
systems,  such  that  pr=Tr<„)p.  From  the  equation  of 
motion  for  p,  we  find 

(-+«k*)((«-H)k|pr(<)|nk) 

X (l/t’6)  Tr(.-P)((»-f-l)k| [3C<  ,,p(/)]| «k) ,  (6) 

where  («k|  is  the  photon  number  state  for  n  photons  in 
the  mode  k.  With  (Ek(R,f))  =  Trp(f)E+(k) exp(ik-R) 
and  «k=  kc,  and  with  the  aid  of  Eqs.  (2)~( 5),  the  above 
equation  yields  the  wave  equation  for  (Ek(R,/)).  In  first 
approximation  with  p(/)  =  pr(l)p,p(t),  one  finds 

/l  3*  \  4*  d* 

(-—+**  KEk(R,0)=  — -  -(Pk(K,0) ,  (7) 

\c*  dp  /  c*  a/1 

where  (Pk(R,f))  =  Trp(f)er  is  proportional  to  exp(jk-R 
—  twk<)-  In  summing  over  all  Fourier  components,  one 
can  replace  the  factor  k1  by  —Vs;  Eq.  (7)  then  reduces 
to  the  classical  wave  equation  for  (E(R,<)). 

The  radiation  density  as  measured  by  photosensitive 
detectors  is,  however,  proportional  to(|E*|)=TrpE+E~. 
The  differential  equation  for  (j£*|)  can  also  be  readily- 
derived  from  the  equation  of  motion  lor  p.  As  expected, 
the  spontaneous  emission  noise,  if  present  will  turn  out 
in  this  full  quantum-mechanical  treatment.  The  noise 
problem  in  parametric  cuantum  oscillators  and  ampli¬ 
fiers  has  been  discussed  by  other  authors  in  the  Heisen¬ 
berg  representation.1*  In  the  classical  treatment,  the 
spontaneous  emission  noise  can  usually  be  taken  into 
account  in  an  ad  hoc  manner  by  inserting  in  the  field 
amplitude  equation  a  noise  term  with  a  random  phase. 
In  the  following  discussion,  we  are  mainly  interested  in 
the  parametric  amplification  of  a  coherent  in;  '  field. 
The  spontaneous  noise  will  not  be  considered.  The 
radiation  fields  will  be  treated  classically,  since  the 
quantized  field  treatment  yields  exactly  the  same  results 
as  long  as  the  approximation  p(()  p,(/)pr|,(f)  is  made. 


u  W.  H.  Loui,  ell,  A.  Yariv,  and  A.  K.  Siegman,  Phys.  Rev  124, 
1646  (1961). 
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lyS"*"™  01  ,WC  “  w»ve  equation  can  be  obtained  from  the 

equation  of  motion  for  p#p.  For  simplicity,  we  assume 
E(R,0=€le.xp[ik1.R-^lO+£sexpriks.R-^]  electronic  states  for  each  atom,  the  ground 

,  ,  .  stlLe  Ul-i  and  the  excited  state  <»L».  Let  CGI 

+  complex  conjugate.  =IT-t.4  <^mi! .  The  equation  of  motion  for  p,„  yields 

(_+2rl+„,.)((„+I)>.  (-,/*)(„, +ii)((,+1)„  C|[jC„a.„J-i|„„e)r'-',  (8) 

where  co  =  n,  denotes  the  numbei  of  phonons  with  wave  vector  q  and  frequency  «  and  r  i*  tK»  nK 

!r.^d,zz™rg"'1ri'  c"mew  °f  ^  “■“*■** 


((»»+!),.  C|[ace.r,p,,]'“)|«„G)=  £  f 

m,  /  L 


| w,  (?)  =  £  r(("  +  1)”  £.s*i/>(/| ZZaCgr)^-  £i!«„g) 

h(ur-  w/,„4) 

((»+!)„  g[  Y.b(tr)t,- E, |  /){/ 1  £  t (er)h ■  t,s*  j n„g)-]  _ 

Afo-h^)  Jcp»,0-p{«+n, 


J(p»,n-P(H+n,°)  exp[t(k,-ks)-RB].  (9) 


Here  K  Poh-1),  )  »  the  average  population  difference  between  the  phonon  number  states  (n  \  and  ff.xn  I 
at  an  arbitrary  temperature  and  </|  is  the  intermediate  state  with  arbitrary  mixine  of  elec trnnVr  T  i  ■  M 
character.  The  states  {(«+!), |  and  j«,>  in  the  square  bracket  yield  a  factw  exp(-%  R  ) ^ 

inleraction  wore  absent,  as  the  elect, „n-radkuion  fmeraefen  cannot  chT^the  ^LlofT'Ph°n°n 

In  the  long-wavelength  limit,  the  dispersion  of  the  phonon  modes  has  the  form  phonons. 

OI1,  =  <Do,-|-j 8f. 

For  acoustic  phonons,  dispositive  and  Wo=0.  The  phonon  wave  of  wave  vector  a  attached  to  the  «  , 

state  (g  |  can  be  defined  in  terms  of  a  dimensionless  normal  coordinate,  attach«* t0  the  ground  electronic 

^O,(g.R,0)= (G | £  b(2M Tr,„p.,<“)U+(},6)  exp{»q-R-  jut)  \G) 

=  {0(Q,<o))exp(iq  R— iui/).  ^ 

Equations  (0)  and  (10)  lead  to  the  phor.on  wave  equation 
f 61  d  -1 

(s.R.O)  =  * : E,ES*  exp(tq •  R—  L>/) , 

where  J.  is  a  third-rank  tensor: 

X=  (2u,//t)£„i)(n-Fl),t(p„i»-p(„+I^o)i 

*  =  { e(q,A) }  (l//»)£/(n-H),-lLV1,r  + 1  >«■  *  1  £ » H  » I  /)</ 1  £  *  («)  n  I  »„g) 

L  "‘“‘"•■"t  (11) 

_((»+l)„g!i:»(«)M|/)</|£»(«r)M|»„g)i 

Jexp(fq.R.). 

The  square  bracket  in  the  expression  for  t.  is  likely  to  be  proportional  to  (n+1) ,w  since  the  states  »,xn  I  , 

I  /!,)  must  be  connected  implicitly  by  the  operator  U+  ( q,b )  or  a,.  The  factor  A^’r  t  arises  „  !  !  .(  t  !)y  and 

attached  to  the  states <(»+l)t|  and  Jr.,)  because  of  the  definition  of  U±(q,b)  in  Eq  nSfcvT wT IT* 

the  dimension  of  an  atomic  polarizability,  is  then  independent  of  n,  and  since  '  '  ™  1  y  hlch  haS 


Eq.  (II)  gives 


^-"«(r'+l)s^P»q°~P(nH),0)  =  £«,p,,0=  1  , 
*=(2 w,/A){. 
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This  can  be  shown  explicitly  for  the  case  where  the  electron-phonon  interaction  is  small  so  that  it  can  be  treated  as 
a  small  perturbation,  mixing  the  states.  The  intermediate  state  can  be  written  as  (/|  =  ((w4-l)„  t| ,  and 


(*|<r|g) 

<(«+!)„  »'l*rK,«>=— ; - C<(«+l)«.*|3C^p|«„t)-<(«4-l)„g|3C^p|M„g)], 

<(w+l)„*|er|n„i>= — 7 — [((»+l)„  *|3CvP|m„»>-((«+1)„  ||3Ce-P|  «„«>]. 

—  hii>n 


(12) 


With  3C«.P  given  by  Eq.  (4),  and  substituting  the  above  expression  into  Eq.  (11),  one  finds 

?={e(q,6>)(l/*)[<g|i:»(er)kS|i)(i|i:s(«)klU>(«|i:s(f«*)»|*>-(*iI»a-«*)»l«))]U/«,).  (13) 

A  =  [(u>$— OJnj)-1—  («|— U*,)-1-)-  (ws+Ubj)-1—  (wi+W,,)-1]/ tl , 


where  f  is  the  generalized  force  in  Eq.  (-1).  The  phonon 
wave  is  coupled  to  the  laser  and  Stokes  fields  (Ej)  and 
(Ea)  to  give  rise  to  the  stimulated  Raman  and  Brillouin 
effects.  The  wave  equation  for  (Ei)  and  (Es)  is 

V*(Ei,s)+  («j,s,ti.a/<,)(Ei,s) 

=  -  (4irwi,a,/c,)(Pi.a'vx,>,  (14) 

where  (Pi,5'Vil)  b  obtained  from  the  usual  iterative  pro¬ 
cedure  in  the  densif  matrix  formalism.  In  particular, 

(Pa*MR,0>=ttt,*i<Q,(gR,0),  (15) 

where  3 1  is  the  number  of  unit  cells  per  unit  volume.  The 
Boltzmann  factors  p»°  disappear  in  the  nonlinear 
coupling  terms  of  both  Eq.  (11)  and  Eq.  (15).  There¬ 
fore,  the  stimulated  Raman  gain,  obtained  from  the 
solution  of  the  coupled  wave  equations  for  (Es)  and 
<Q,>  would  be  independent  of  the  average  thermal 
excitations  of  phonons. 

For  acoustic  phonons  the  harmonic  approximation  on 
which  the  linear  expression  for  the  displacement  opera¬ 
tor  U  is  based,  is  nearly  always  valid.  The  effect  of 
anharmonic  terms  may  be  taken  into  account  as  a 
damping  term,  caused  by  collisions  between  the  acoustic 
waves.  The  temperature  dependence  of  the  stimulated 
Brillouin  effect  is  entirely  contained  in  the  temperature 
dependence  of  the  damping  constant  I\  Even  though  the 
concept  of  elementary  excitations  breaks  down  at  high 
temperature,  the  classical  acoustic  wave  can  still  be 
described  in  the  same  manner,  even  in  liquids. 

The  situation  is  different  for  optical  phonons.  In  this 
case  the  anharmonicity  of  the  molecular  vibrations 
limits  the  validity  of  the  harmonic  collective  excitations 
to  the  low-temperature  regime,  where  the  probability  to 
have  an  excitation  at  a  particular  localized  site  is  small 
compared  to  unity. 

The  dispersion  law  for  optical  phonons  is  very  differ¬ 
ent  from  that  of  acoustic  phonons.  The  contribution  of 
the  collective  motion  to  the  wavelength -dependent  part 
of  the  energy  is  small  and  the  damping  is  relatively 
large,  r.  Under  these  circumstances  it  is  ap¬ 

propriate  to  consider  the  localized  vibrational  excitations 
of  individual  molecules.1  Since  the  vibrations  are 
strongly  anharmonic,  only  the  ground  state  and  the  first 


vibrational  level  need  be  considered.  It  is  a  well-known 
result  for  this  case  of  individual  molecules  that  the 
Raman  susceptibility  is  proportional  to  the  population 
difference  in  these  two  states,  poc— pi0.  This  temperature 
dependence  through  the  Boltzmann  factors  does  not 
appear  in  the  calculation  with  collective  elementary 
excitation  waves,  which  is  strictly  valid  only  at  absolute 
zero.  The  case  of  optical  phor.ons  derived  for  a  lattice 
array  of  molecules  with  two  vibrationai  levels  is  analo¬ 
gous  to  the  case  of  spin  waves  derived  from  a  lattice  of 
spins  with  S-J.  The  representation  by  elementary 
excitations  with  boson  characteristics  is  a  low-tempera¬ 
ture  approximation. 

The  formalism  of  the  coupling  of  light  with  optical 
phonons  may  be  taken  over  to  the  case  of  spin  waves. 
The  coupling  of  light  with  plasma  waves  has  been 
discussed  elsewhere.1* 

in.  COUPLING  OF  LIGHT  WITH  MAGNONS 

The  electronic  Hamiltonian  for  a  magnetic  system 
consists  of  spin  and  orbital  parts.  The  spin  part,  with 
exchange  interaction  among  spins,  forms  the  magnon 
system.  The  radiation  field  is  treated  classically  and  is 
again  assumed  to  consist  of  two  waves,  E 1  and  Es-  The 
total  Hamiltonian  is  written  as 

K  =  K  ir.ignon’f’  3Corb-}-*Klini  *  (16) 

The  nuclear  vibrational  part  is  omitted  in  this  section. 
The  interaction  Hamiltonian  consists  of  spin-orbit,  spin- 
radiation,  and  orbit-radiation  interactions, 

3C|Bt=3Cs-L+3Ci,r-i-3Cs-r.  (17) 

These  interactions  have  the  familiar  bilinear  form 

3Cfl.L* 

m.S 

Xu,=  —  23  Cer«s  E«»-|-nEms-H»»3»  (18) 

*,1 

Kb.,—  —  22  2pS„i'  fl„b , 


u  N.  Eloenibtrgen  and  Y.  R.  Shen,  Pbys.  R«v.,  141,  298  (1966). 
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where  A  and  p  are  the  spin-orbit  coupling  constant  and 
the  Bohr  magneton,  respectively.  The  electric  and 
magnetic  fields  of  the  radiation  at  the  ith  atom  in  the 
wth  unit  cell  ere  designated  by  E„b  and  The  terms 
pL'  H  and  2pS- H  correspond  to  magnetic-dipole  transi¬ 
tions.  Javan  and  Winter  first  suggested  the  stimulated 
Raman  maser  action  in  a  paramagnetic  two-level  spin 
system  [compare  Fig.  l(a)j.  In  the  optical  spin  Raman 
transitions,  shown  in  Figs.  1(b)  and  1(c),  the  inter¬ 
mediate  states  can  be  connected  by  the  electric-dipole 
interaction  er-E.  The  magnetic-dipole  terms  pLH  and 
2pSH  are  negligible  in  comparison.  The  interaction 
Hamiltonian  reduces  in  these  cases  to  a  form  similar  to 
the  one  in  the  previous  section.  The  role  of  3C„P  is  taken 
over  by  3C8.L. 


The  magnon  Hamiltonian  is 
3Cm«fnon=—  £  Jmb-mi'Smi -  Sm-  —  2^Ho‘  52  Sm6 ,  (19) 

«,m'  n,l 

M' 

where  J  is  the  exchange  coupling  constant  and  Ho  the  do 
magnetic  field.  In  the  harmonic  approximation,  3Cmwnon 
can  be  quantized  asM 

3Cm*fnon~  (20) 

%•> 

The  spin  component  is  expressed  in  terms  of  creation 
and  annihilation  operators  a,/,  a„-  from  the  linearized 
Holstein-Primakoff  transformation1* 


(Smk)'+i(Smk)y=  (23k/XY!i  £  * (q ,b,j)a%i  exp(tq-  R„) 

%■> 

“E-<'(q,i)  cxp(iq-Rm),  (21) 


(W“S»(S»+1). 

The  magnon  modes  w,,  are  obtained  by  solving  the  set  of  linearized  Bloch  equations  of  motion  for  S„k+  for  the 
magnetically  inequivalent  atoms  in  a  unit  coll,14  just  as  in  the  case  of  phonons.  The  number  of  magnon  branches  is 
of  course  equal  to  the  number  of  magnetically  inequivalent  atoms  in  each  unit  cell.  In  the  long-wavelength  limit, 

«„=«,(H  (22) 

In  particular,  when  there  is  only  one  magnetic  sublattice  with  one  magnetic  atom  per  unit  cell,  there  is  only  one 
magnon  branch  with  a>0=2p 77 0  and  =  where  a  is  the  lattice  constant. 

The  magnon  wave  equation  can  now  be  derived  from  the  density  matrix  formalism.  Let  p  be  the  density  matrix 
operator  for  the  material  system.  We  shall  again  assume  only  two  stales  for  the  orbital  part  of  each  atom,  (i|«.t 
and  (g|m»  and  (G|  =II™.t  (g !*»•  Consider  the  equation  for  ((m+1)„  G\p\nvG),  where  («,|  denotes  the  excitation 
of  the  magnon  wavelength  wave  vector  q=k|— ks  From  the  equation  of  motion  for  p  and  Eqs.  (16)-(20),  we 
find 

ft - W,+trV(«+l),,C|p<“»|n,.G)e-'-'=i(n+l),,C|[3C,.f,p>>|rt,,^<r>»S  (23) 

v  dl  /  h 

where  a>=  ui(— ws.  The  lowest  order  nonvanishing  result  in  the  perturbation  expansion  of  gives 

'<(»+l)„  g|  £»(«!••  t>s*)b]l){l  !£»(«•  6r)fc|  «,,*> 

((”  +  1),,  g[ £s(«-  Ci)fc| /)(/|  £s(er £ s*)t|  n„f>) 

Mwi+“/.»») 

I  lore,  the  iulcmicdiutc  stale  with  arbitrary  mixing  of  spin  am!  orbital  character  is  denoted  by  (/ 1 ,  and  is  the 
frequency  separation  between  (/ 1  ami  (m„k  | .  Sim  c  cannot  change  the  occupation  nnniher  of  inagnons,  Ivj.  (24) 
would  vanish  if  the  spin  orbit  interaction  3C «.(.  were  not  present.  When  (Kbi.  is  small,  it  can  he  treated  asaperlnrba 


(p*in~P<n  e.,n)  exp(iq-  R„).  (24) 


<(«+l)„^|[3C,p]‘“>|«„C)=  £ 

m.I 


'•See,  for  example,  C.  Kittel,  Quantum  Theory  cf  Solids  (John  Wiley  &  Sons,  Jnc.,  New  York,  1964). 

T.  Holstein  and  H.  1‘iimakofl,  Rhys.  Rev.  S8,  1098  (1940). 

'•See,  for  example,  B.  Harris,  Phys.  Rev.  132,  2398  ('963). 
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tion  iii  mixing  the  states.  With  the  intermediate  state  written  as  (7|  =  (h„i|,  one  find< 
'{(«+ 1  )q, » |3Ch.  l  |  i  er |  »i„g) 


<(«+l)„  i|er|H„g)=i;  - 
»'  L 


hui 


t(iH-l),  i'  ft 


<(«-H)q,  rjerj  (,. («+!)„  t'|3Cs-i.l «„g) 


gn,  «'<n+i) 


]■ 


<(*+1). 


i  ,s  .-riM-sr 


{(«+l)q,  g|«r|  («  +  l)q,  t')((»+l)q.  *'i3Cs-L|Hq,:> 


(25) 


Aw,,.* 


'(■M-n 


+- 


( («+ 1  )„  g  i  Ks-  L  i  »q,t'X«q,»'  I  er  I  H„t)- 


These  equations  may  apply  for  certain  iron-group  ions.  If  (g |  and  (i|  denote  eigenstates  in  the  crystalline  field 
potential,  the  quenching  of  the  orbital  angular  momentum  implies  that  the  diagonal  elements  of  the  spin-orbit 
interaction  •»  anish 

((«+l)„  i|3Ca.l|»i„i)  =  ((n+l)„g|3Cs.i.jn„g)=(). 

This  is  different  from  the  phonon  case  described  by  Eq.  (12). 

The  spin  wave  is  defined  as 

MR,  0>-<G|Tr  E»(l/2S*)*'W(q,w)l<7>  exp(*q-R-iu.<) .  (26) 

Equation  (23)  then  leads  to  the  equation  for  the  spin  wave 

[r^-wo+ir-l-dV5](5,(R,0)=^:£i£f*exp(/q-R-wO, 

-ft-1  £i.,(«  +  l)q(sG»<if0~ P(»+!),°), 

,  ,1W  ,  4V  ,  r((«+l)„dE*(«)Mi/)(/|E*(er)M|«„g>  (27) 

?s=  (l/*){e(q,ft))Lr  .V*/*(«+l)q~‘'*^ - 


«t— wr.»» 

(^+j\,s\Z^t)b,\I)(I\Zb(er)bli\n„g) 
Wj+fc’r.jn 


JexpOq-R. 


Note  the  similarity  of  this  expression  and  the  corre¬ 
sponding  Eq.  (1.1)  for  the  phonon  case.  The  expression 
in  square  brackets  can  be  evaluated  explicitly  in  the  case 
of  weak  spin-orbit  coupling  with  Eq.  (25).  It  is  seen  to 
be  proportional  to  («-}-l),,/5.  This  result  has  probably 
more  general  validity,  as  the  term  in  square  brackets 
connects  two  boson  eigenstates  differing  by  one  unit  of 
excitation.  The  factor  N11*  in  the  expression  again  arises 
as  a  normalization  factor  attached  to  the  states  ( («  + 1),  | 
and  |n,).  The  expression  for  2. a  is  independent  of  the 
P»q°  in  this  case  by  the  same  arguments  which  led  to 
Eq.  (11a)  and,  in  fact  5.s=  f,s/h.  The  coupling  constant 
is  therefore  independent  of  temperature  in  this  harmonic 
approximate. i.  This  result  can  only  be  expected  to  have 
validity  for  temperatures  well  below  the  Curie  or  Neel 
temperature.  When  T  becomes  an  appreciable  fraction 
oi  Tc  higher  order  terms  in  the  spin-wave  variables  can 
no  longer  be  ignored  in  the  Holstein- Primakoff  trans¬ 
formation.  This  is  the  usual  restriction  on  the  validity 
of  spin-wave  theories. 


The  spin  wave  is  coupled  to  the  two  light  waves  E( 
and  Es  to  give  rise  to  the  spin-Raman  effect.  The  wave 
equation  for  the  Stokes  wave  is 

V,Es(R,0+fi*>sJ*s/c,)iisiR,0 

=  -(4™,7c5)<Ps-vi(R,/)).  (28) 

The  uoiilinear  polarization  in  Eq.  (28)  can  be  found  bv 
the  usual  perturbation  calculation, 

PsNL(R,<)  =  3tfc,e,(S(q,w))*  exp(«q  •  R  -  tot) ,  (29) 

where  31  is  the  number  of  unit  spin  cells  per  unit  volume. 

The  above  derivation  is  very  similar  to  that  in  the 
coupled  photon-phonon  case.  If  the  spin-orbit  coupling 
and  the  crystalline-field  interaction  are  large,  a  pure  spin 
wave  of  course  does  not  exist.  The  formal  derivation 
remains  valid  in  this  case,  which  is  represented  by 
Fig.  1(c). 

The  gam  coefficient  for  the  stimulated  spin  Raman 
effect*’1  can  now  be  solved  from  the  set  of  coupled  wave 
equations  (2V)  and  (28)  with  Xg  replaced  by  {i.  For 


& 
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infinite  plane  waves  with  linear  polarization  in  a 
medium  of  plane  boundaries,  the  Stokes  wave  vector  is 
found  to  be 


[1 

k  = k,s°4‘  2  J  -  [ias  ~  77/  2^,°) 

lr//9+  \2  20lWf81!5«llt  s, 

±- ( — Was) - 1, 

2LV2  fjq,6  !  SdksfcjH  J  I 


(30) 


where 

ks“-  as’fsV C1 , 
as  —  1 as2«  %"/  2t*£s«° , 

Z2*  =  a)-a)o-,a«0’-tTs1  (31) 

q°-ki— ks°, 

q'  =  k«'-k.s'  and  ks"=q". 

The  laser  held  &i  is  assumed  to  be  a  constant  parameter 
and  the  unit  vector  2  is  normal  to  the  boundaries  of  the 
Raman  cell.  The  imaginary  part  of  ks  is  the  gain  or  loss 
coefficient.  The  corresponding  waves  are  given  by 

£.s  =  [Cs+  exp(tks+-  r)+Cs_  exp(iks..- r)  >-’“■»< , 
<5)=[CV  exp(»q+-  r)+CsJ  exp(;q_' 

C  5±/C  s±'  =  yiiirws1/ c'ksVteS,/  (ks- ks°+ fa) . 

If  the  spin  wave  is  highly  damped,  such  that 
(£)V2/3?,0+f'as)s»29l7ra!s!{sJ!  S,|*AV9.#*a.'A , 

the  square  root  in  Eq.  (30)  can  be  expanded  into  a  power 
series  to  give  a  gain  coefficient 


Fig.  2.  Dispersion  curves  describing  the  spin  Raman  effect. 
Curve  1  is  the  dispersion  curve  for  an  acoustic  magnon  wave. 
Curves  2  and  3  describe  the  linear-momentum  and  energy¬ 
matching  condition  given  by 

<f=  jki— ks°i  =Cu>i((*/E— fists8)  •}*+u«als,§t3/r 

for  the  forward  and  backward  Stokes  scattering,  respectively.  The 
resonant  points  are  denoted  by  R. 

Curie  or  X£el  point,  it  is  clearly  more  appropriate  to 
consider  the  energy  levels  of  localized  spins.  In  this 
paramagnetic  case,  the  Boltzmann  factor  p«°-  pi®  ap¬ 
pears.  The  effect  is  proportional  to  the  difference  in 
population  of  the  two  magnetic  levels  concerned.  If 
these  levels  form  a  Kramer’s  doublet,  the  temperature 
dependence  is  the  same  as  the  paramagnetic  magneti¬ 
zation  arising  from  these  two  levels.  This  suggests  that 
the  temperature  dependence  of  the  spin  Raman  transi¬ 
tions  in  a  ferremagnet  is  similar  to,  although  not 
necessarily  identical  to,  the  temperature  dependence  of 
the  magnetization  M{T). 


Imf'.i?+=as+Im 
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The  gain  is  a  maximum  when  both  linear  momentum 
and  energy  matching  conditions  are  satisfied,  i.e., 

ki=ks#+q°  and  &ji  =  ms+u>. 

This  is  indicated  by  the  resonance  point  R  in  Fig.  2. 
Curves  2  and  3  in  this  figure  are  given  by 

9°=  |ki— k.s°i  «s^s°),4n+ws»fsts0,^°]/c 

for  the  forward  ’nd  backward  scattering,  respectively. 
Here,  »’s  are  the  indices  of  refraction,  and  k's  the  unit 
vectors.  The  Raman  susceptibility  corresponding  to  the 
Raniar  gain  of  Eq.  (32)  assumes  the  very  simple  form,* 

XR.„..„*pln=fn{HJ  *r«,  (33) 

where  £g  is  given  by  Eq.  (27)  and  lias  Ihe  dimension  of 
an  atomic  polarizability,  and  I’b  is  the  damping  con¬ 
stant  for  the  spin  wave. 

When  the  probability  for  spin  excitation  at  a  localized 
site  is  not  very  small  compared  to  unity,  this  harmonic 
approximation  of  the  spin  waves  loses  its  validity.  In  the 
opposite  limit  of  very  high  temperature,  above  the 


IV.  THE  SPIN  RAMAN  EFFECT  IN  PARA-, 
FERRO-,  FERRI-,  AND  ANTIFERRO¬ 
MAGNETIC  MATERIALS 

The  possibility  of  observing  the  Raman  effect  in 
magnetic  systems  was  described  in  the  introduction. 
Hough  and  Singh4  observed  the  spontaneous  Raman 
transitions  between  two  electronic  levels  of  Pf*+  in  a 
LaF»  crystal.  The  Raman  scattering  due  to  spin  excita¬ 
tions,  however,  has  not  yet  been  observed. 

Both  the  spontaneous  and  the  stimulated  Raman 
scattering  depend  on  the  coupling  constant  fs-  The 
Raman  transition  probability  increases  as  |£s|  in¬ 
creases.  As  shown  in  Eq.  (27),  the  magnitude  of  £s  be¬ 
comes  large  if  (1)  the  frequency  on  or  103  (or  boffi) 
approaches  a  resonance,  and  (2)  the  matrix  elements  are 
large.  In  some  simple  cases,  there  are  also  selection  rules 
governing  the  Raman  transitions. 

Consider  first  a  paramagnetic  system  wilh  a  small 
crystalline  field,  so  that  m  is  still  a  good  magnetic 
quantum  number.  The  localized  spin  model  applies  to 
this  case.  The  Raman  transition  probability  is  pro¬ 
portional  to  9t|£s|J|£i!!(pu0— pi°)/l\  where  £s  is  given 
by  Eq.  (27)  with  the  magnon  slates  replaced  by  the 
local  paramagnetic  states.  The  degeneracy  of  the  mag- 
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netic  states  is  of  course  lifted  by  the  applied  dc  magnetic 
field  In  order  to  have  the  initial  and  the  final  magnetic 
states,  (g\  and  \/|,  in  the  normal  Raman  transitions 
connected  by  the  electric-dipole  operator,  the  magnetic 
quantum  nuntbermust  change  by  1  or  2. 

With  Am  -  1  [use  Fig,  1(b)]  the  selection  rule  requires 
the  iaser  polarization  to  have  a  circular  component 
around,  and  the  Stokes  polarization  to  have  a  linear 
component  along,  the  magnetic  field,  or  vice  versa.  The 
exciting  beam  propagating  along  the  magnetic  field 
cannot  excite  Stokes  scattering  in  the  forward  direction. 
In  the  spontaneous  Raman  emission,  one  observes 
preferably  at  right  angles  to  the  incoming  beam.  One 
w  ould  find  a  linearly  polarized  Stokes  light  if  the  ex¬ 
citing  beam  is  propagating  in  the  direction  of  the 
magnetization,  and  a  circularly  polarized  Stokes  light  if 
the  exciting  beam  is  propagating  in  the  direction  per¬ 
pendicular  to  the  magnetization.  In  the  stimulated 
Raman  effect,  it  is  best  to  have  the  laser  and  the  Stokes 
parallel  to  each  other.  They  may  then  propagate  at  45° 
with  respect  to  the  magnetic  field.  The  geometry  used 
by  Dennis  and  Tennanvald17  with  the  laser  beam  at  an 
angle  to  the  Stoke.,  beam  would  also  be  possible.  With 
Aw  — 2,  the  selection  rules  require  the  polarizations  of 
the  laser  and  the  Stokes  to  have  components  circulating 
in  the  same  sense  around  the  magnetic  field.  Again,  the 
polarization  prop,  rties  depend  in  an  interesting  way  on 
the  direction  of  the  magnetization  and  on  the  directions 
of  propagation  of  the  two  beams.  If  the  crystalline  field 
is  so  large  that  m  is  no  longer  a  good  quantum  number, 
the  above  selection  rules  in  general  break  down. 

Consider  next  a  simple  ferroinagnet  with  a  single 
sublattice,  and  assume  the  spin  waves  originating  front 
individual  ion  states  with  pure  magnetic  quantum 
numbers  m  =  Only  the  acoustic  magnon  branch 
exists.  The  states  corresponding  to  zero-  and  one- 
magnon  excitation  can  be  written  as 


(®*i  —II  (+|  i > 


d,i  =  (1/A )'•*  £((- 1 ,  n  <+ 1 «)  exP(.:q.R,) , 

i 


(34) 


where  (+  | ,  and  (—  | ,  are  the  two  spin  states  for  the  t'th 
spir.  Substituting  Eq.  (34)  into  Lq.  (27),  one  finds  that 
(s  is  nonvanishing  only  if  the  product  of  matrix  ele¬ 
ments  of  the  type  (g,  -|er|/)(/|er|g,  +>  is  different 
from  zero.  This  requires  that  the  magnetic  quantum 
numbers  of  the  initial  and  the  final  states  in  the  Raman 
transitions  differ  by  Am—  1.  The  selection  rule  governing 
the  polarizarion  properties  for  the  laser  and  the  Stokes 
discussed  pre\  usly  for  the  paramagnetic  case  again 
applies.  .1  the  crystalline  field  is  large,  the  spin  wave  is 
no  longer  composed  of  pure  spin  states.  Then,  in  general, 
the  selection  rule  bleaks  down. 


In  ferromagnets  with  more  than  one  sublattice,  and 
m  ferri-  and  antiferromagnets,  the  sublattices  are 
coupled  together  through  exchange  coupling  to  give 
different  magnon  branches.  The  eigenmodj  and  the 
eigenvectors  are  obtained  from  the  couplet'  Bloch  equa¬ 
tions  for  the  magnetizations  of  the  sublattices.  Assume 
a  ferrite  with  two  sublattices  A  and  B,  the  corresponding 
spins  being  SA  and  So,  respectively,  with  pure  spin 
states  (±j )  for  each  spin.  Since  the  spins  are  pointing  in 
opposite  directions,  we  write  SA,=Sa  and  SB.=*-Sb 
and  A‘a:t|i)a=|±)x  and  Sa±|±)a  =  Also  as¬ 
sume  that  the  exchange  coupling  exists  only  between 
spins  on  different  sublattices.  The  coupled  Bloch  equa¬ 
tions  for  SA±  and  So*  yield  the  magnon  exchange 
eigenfrequency,  or  optical  magnon  mode  at  q  =  0la 

wo=i(a’.s-fu,x-w«z-waa)-l-JC(uMri-ii),fl 

+£>>«a+a)ofl)i— 4i>,^iu,*]1/:; , 

(«»a-|-i*!»>)ii  (ta^H-iOafl) ,  ^^2 

where  u >,A,  c >ut>,  and  a >tte  are  the  exchange  and 

anisotropic  frequencies  for  the  two  spins,  respectively. 
The  corresponding  eigenmode  is 


(Sa^)/(S  «+)  =  —on /at , 
ai=u  ca/D, 

«j=  (w.a+o.x— u>o)/D, 

L“»a*+  (<J.B-f-Ooa  ~  wo)2]1'* . 


(36) 


Ihe  states  with  zero-  and  one-magnon  excitation  can  be 
written  as 


(o,i  —  n>  (~» + 1 », 

0,1  *0/A  )''*£;  [(ai(+,  +  |;~ o»(— ,  —  |y) 


XII<-  + 1  <]  exp  (iq  •/?,), 


(37) 


’  J  H.  Dennis  and  P.  E.  Tannenwald,  Appi,  Phys.  Letters  5, 58 
(1964;. 


w’he»e  (rfc,  ±  |,  are  the  combned  spin  states  for  the 
spins  in  the  ;th  unit  cell.  We  have  6'x/|  — b)j=  |  ++)/ 

and  5 a, |  —  -f- )>=  | - A  typical  term  in  Eq.  (2 ,j 

which  contributes  to  the  value  of  !s 

ai<g,+,+  I ^rA++erB*)\l){I\{erA-+'.rD’)\g, +) 
““*(?>  -  \(trA++tr;A)\l) 

X(/\(erA‘-j-erB')lg, -,+},  (.48) 

or  with  the  superscripts  +  and  Z  interchanged.  This 
again  requires  that  the  polarization  of  one  beam,  the 
laser  or  the  Stokes,  has  a  circular  component  around  and 
the  polarization  of  the  other  beam  has  a  linear  com¬ 
ponent  along  the  direction  of  magnetization.  The  situa 
tion  here  is  very  similar  to  that  in  the  direct  infrared 
excitation  discussed  by  Tinkham  for  the  case  of  rare- 
earth  garnets.18  I  here,  the  absorption  coefficient  is 

(1955)  ^ '  A^osiila,  and  R,  Kubo,  Advan.  Phys.  4,  14 

m’  311  <‘961);  A.  J.  Sitvers  and 
M.  Tinkham,  i bid.  124,  321  (1961). 
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proportional  to  the  square  of  the  matrix  elements 

[«i<g.  +  ,  +  }  (Ma++.W  ir)  If,  - ,  +) 

—  I  (3/a++3/V)'g,  —  ,+)]. 

Because  of  the  anti  parallel  exchange  coupling  between 
the  two  sublattices,  the  two  terms  tend  to  cancel  each 
other,  so  that  the  infrared  absorption  coefficient  (and 
the  Raman  transition  probability)  becomes  smaller 
when  the  exchange  coupling  increases  relative  to  the 
anisotropy  energy.  The  above  analysis  also  applies  to 
the  case  of  antiferromagnets  if  one  puts  Sa=Si, 
and  o:ej~io,B  The  direct  far-infrared  excita¬ 
tion  of  rnugnons  in  the  ?  tiferromagnet  Feb's  has  also 
been  investigated  by  T  t,  ante0  The  eigenfrequencies 
and  the  e’genmodes  given  in  Kqs.  (35)  and  (36)  should 
be  slightly  modified  in  the  presence  of  a  dc  applied 
magnetic  field.  If  the  crystalline  field  is  large,  the 
selection  rule  governing  the  polarizations  of  the  beams 
again  breaks  down. 

The  magnitude  of  the  spin  Raman  effect  may  be 
estimated  as  follows.  Comparison  of  Eqs.  (15)  and  (27) 
shows  that  the  two  coupling  constants  £  and  £u  are 
comparable  in  magnitude.  In  the  case  of  optical  pho¬ 
nons,  £  would  be  zero  if  the  electron-phonon  interaction 
were  absent,  it  therefore  suffers  a  reduction  factor 
ACt-p/ (vibrational  energy).  In  the  case  of  magnons,  £s 
would  be  zero  if  there  were  no  spin-orbit  interaction;  the 
reduction  factor  is  JCi.s/ (crystal  field).  The  two  coupling 
constants  would  he  of  the  same  order  of  magnitude  if  the 
matrix  elements  involved  were  the  same.  In  practice,  the 
ultraviolet  oscillator  strength  for  organic  molecules  is 
close  to  1,  but  for  magnetic  ions  it  is  usually  less  than 
Ol.21  If  the  reduction  factors  and  the  damping  constants 
for  the  two  cases  are  approximately  the  same,  the  spin 
Raman  effect  would  be  about  2  orders  of  magnitude 
smaller  than  the  ordinary  Raman  process  in  liquids.  The 
linewidth  of  the  spin  excitation  at  low  temperatures 
seem  to  be  comparable  to  the  optical  phonon  linewidth 
which  is  about  1  i_m  *.  For  example,  the  antiferromag¬ 
netic  resonance  in  FeFj  has  a  width  of  0.1  cm  1  at  1°K 
which  increases  with  temperature  as  T4.20  The  damping 
constant  for  the  ferromagnetic  spin  excitations  at  room 
temperature,  lies  in  the  range  rs~10s— 1011  sec-1.  The 
narrowest  ferromagnetic  linewidth  in  a  garnet  is  about 
0.5  G  or  Ts^lO7  sec-1  at  low  temperatures. ,s 

Alt  alternative  way  to  estimate  the  order  of  magni¬ 
tude  of  the  spin  Raman  effect  is  by  comparison  with  the 
optical  rotatory  power  of  the  magnetic  system.11-23 
Physically,  the  spin  Raman  effect  and  the  Faraday 
rotation  are  closely  related  magneto  optical  effects.  The 
former  is  derivable  from  a  thermodynamical  potential 
connected  with  the  coupling  between  light  waves 

*  R.  C.  Ohlmann  and  M  Tinkham,  Phys.  Uev.  123,  425  (t961). 

I!  Estimated  from  optical  absorption  data  in  rare-earth  and  iron- 
group  ions.  Sec,  for  example,  B.  R.  Judd,  Phys.  Rev.  127,  750 
(1902). 

»  Y.  R.  Shen,  Phys.  Rev.  133,  AStl  <t(>64). 

■  A.  J.1  Ckigston,  J.  Pbys.  Radium  20,  151  (1959). 


and  a  spin  wave.  The  coupling  cneigy  per  ion  is 
£sE,'Es*(S(w— w$))*.  The  Faraday'  rotation  is  derivable 
from  a  potential  that  gives  the  difference  in  coupling 
energy  of  a  right-circular-  and  a  left-circular-polarized 
light  wave  with  a  longitudinal  dc  magnetization.  This 
time-averaged  energy  per  ion  is  ^F-.rC  i /*-i4  j* — 

X(S( 0)),  where  2£F„  is  the  difference  of  the  right  and 
the  left  circular  polarizabilities.  Both  effects  would 
vanish  in  the  absence  of  spin-orbit  coupling,  and  the 
coupling  constants  in  the  two  cases  are  quite  similar. 
The  constant  £s  has  the  same  order  of  magnitude  as  the 
circular  polarizability,  and  so  has  £F.„  if  the  tw’o 
circular  polarizabilities  do  not  accidentally'  cancel  each 
other.  This  is  the  case  of  some  iron-group  ions,  such  as 
Afn2t,  etc.  Such  a  relationship  was  also  noted  by 
Persh". .  and  coworkers.24  They  were  only  concerned 
with  light  polarizations  perpendicular  to  the  magnetiza¬ 
tion.  Thus,  only  Am  —  0  or  Am—  ±2  Raman  transitions 
occur  in  their  geometry.  For  the  excitation  of  magnetic 
spin  waves,  the  Am=±l  transitions  are  significant. 
They  require  the  presence  of  a  light  component  parallel 
to  the  magnetization.  The  ratio  £F,r/£8  depends  o 
course  on  the  detailed  geometry,  crystal  field  splitting 
and  mixing  of  the  magnetic  states. 

The  rotary  power  at  magnetic  saturation  is  related  to 
the  Faraday  susceptibility  by25 

0=4ir3l£F„(«/«c)  rad/' cm , 

where  31  is  the  number  of  magnetic  ions  per  cc  and  n  is 
the  index  of  refraction.  For  En1+  the  rotary  power  per 
ion  has  been  determined  experimentally.25  For  light  at 
the  ruby  wavelength  one  finds  £r»r=5X10~27  esu. 

If  we  take  31=  5X 1022  in  Eq.  (33)  and  rs«  10"  sec"1 
for  a  typical  ferromagnet,  one  finds  XiUroM,,,,nw  lO-14 
esu.  This  is  about  two  orders  of  magnitude  smaller  than 
the  Raman  susceptibility  of  several  liquids  in  which 
stimulated  Raman  emission  has  been  observed. 

In  principle,  all  magnon  branches  can  be  excited 
through  the  Raman  process.  In  a  spin  Raman  laser, 
however,  the  mode  with  the  highest  gain  would  be 
dominant.  The  stimulated  Raman  process  would  also 
have  to  compete  with  the  ordmary  stimulated  Raman 
and  BriHouin  scattering. 

For  a  single  magnetic  lattice,  the  acoustic  ferromag 
netic  spin  wave  is  of  course  the  only  magnon  mode.  It 
is  interesting  to  compare  the  Raman  excitation  of  this 
magnon  mode  with  the  Brillouin  scattering.  In  both 
cases,  the  dispersion  of  the  mode  frequency  is  quite 
strong  so  that  the  Stokes  radiation  in  different  directions 
has  different  fiequencies.  The  Stokes  radiation  in  the 
spin  Raman  sca’tering  can  also  gc  in  the  forward  direc¬ 
tion.  If  a  strong  dc  magnetic  field  is  applied,  the  mode 
frequency  for  q-  0  is  stiil  different  from  zero.  The  fre¬ 
quency  of  the  spin  waves  in  the  forward  Hirertion  would 

*  J.  P.  van  derZiel,  P.  S.  Persian,  and  L.  D.  Malmslrom,  Phvs. 
Rev.  Letters  15,  190  (19C5). 

”  Y.  R.  Sbcn  and  N.  Bloembergen,  Phys.  Rev.  133,  A515  (1964). 
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be  low  in  small  extern., 1  fields.  Theniomentum  matching 
condition  becomes  unimportant  if  the  length  of  the 
sample  l  is  so  small  that  ql<  1,  as  the  uncertainty  in  the 
wave  vector  ~l/l  exceeds  the  wave  vector  q  itself. 

Since  stimulated  Brillouin  scattering  has  a  threshold 
which  is  comparable  to  that  of  the  ordinary  Raman 
effect  in  liquids,  it  will  often  dominate  the  spin  Raman 
effect.  The  dispersion  law  is  more  favorable  for  spin 
waves  in  the  forward  direction.  Note  that  the  frequency 
of  ihe  magnon  mode  can  also  be  tuned  by  the  applied  dc 
magnetic  field. 

In  using  giant-pulse  lasers,  one  may  still  use  the 
steady-state  solution  of  the  coupled  wave  equations,  if 
the  group  velocity  (or  /31'2)  is  small.  This  is  the  case  for 
ordinary  Raman  effect  ar  '  shoeid  also  be  valid  for 
optical  spin  waves  (or  exchange  modes'  and  for  acoustic 
spin  waves  in  very'  high  fiedds.  Otherwise,  the  transient 
solution  of  the  type  developed  by  Kroll24  for  the 
Brillouin  case  must  be  used 

The  more  interesting  aspect  of  the  spin  Ramar.  effect 
lies  in  the  optical  magnon  branches.  This  include^  the 
antiferromagnetic  spin  waves.  Polarization  properties  of 
the  beams  should  be  investigated  to  see  whether  the 
simple  selection  rules  break  down  or  not.  Experiments 
on  Pel':  with  a  Stokes  shift  of  55  cm would  be  quite 
interesting.  The  large  Stokes  shift  makes  optical  detec¬ 
tion  relatively  easy.  Various  garnets  are  also  suitable  for 
investigation-  especially  yttrium  iron  garnet  which  is 
quite  transparent  in  the  near  infrared. 

In  paramagnetic  materials,  the  spin  Raman  effect 
arises  from  isolated  ions.  The  Raman  effect  between  two 
magnetic  sublevels  of  the  ground  state  and  the  Raman 
effect  between  two  electronic  levels  have  thesa  me 
nature.  The  hitter  process  was  found  by  Hougen  and 
Singh4  in  LaF3:Pr,+.  Their  experimental  results  give 
assurance  that  the  spin  Raman  process  and  the  Brillouin 
process  might  have  the  same  order  of  magnitude. 
Although  the  concentration  of  magnetic  ions  in  para 
magnetic  salts  would  be  low,  the  linewidth  could  be  as 
narrow  as  10  2  or  even  10  *  cin~l,  corresponding  to  a  few 
gauss.  The  gain  is  proportional  to  the  average  popula¬ 
tion  difference  between  the  magnetic  sublevels.  If  only 
these  two  sublevels  are  populated,  the  paramagnetic 
spin  Raman  gain  would  be  proportional  to  the  magnet¬ 
ization.  This  effect  could  be  observed  in  the  forward 
direction  and  could  be  tuned  by  the  dc  magnetic  field,  as 
distinguished  from  the  Brillouin  effect. 

It  appears  worthwhile  to  search  experimentally  both 
for  the  spontaneous  and  the  stimulated  spin  Raman 
effect.  For  the  former,  a  gas  laser  focused  into  ciystals 
at  low  temperature  would  be  appropriate  to  observe  a 
scattered  radiation  with  a  small  Stokes  sh’ft.2T  For  the 
latter,  a  resonant  cavity  with  a  different  feedback  factor 
for  spin  Stokes  and  Brillouin-shifted  radiation  would  be 
useful 

“  N.  Kroll,  j.  Appl.  I’hys.  36,  34  (1963). 

K.  V.  Cliiao  and  B.  I*.  SloicheiT,  J  Opt  Soc.  Am.  54,  1286 
(1964/ ;  T.  C  Daman,  R.  C.  C.  Lcits,  and  S.  P.  S.  Porto,  Phys. 
Rev.  Leilers  11,  9  (t965). 


V.  COUPLING  or  LIGHT  WITH 
PHONONS  AND  MAGNONS 

In  discussing  the  spin  Raman  effect,  wc  have  neg¬ 
lected  the  term  m(M-2S)-H  in  the  Hamiltonian.  This 
term  would  adri  to  each  electric-dipole  matrix  element  a 
magnetic-dipole  ccutiterpart.  In  addition,  if  the  em 
mode  at  the  magnon  frequency  is  present,  theie  is  a 
direct  coupling  between  this  em  wave  and  the  spin 
wave.  It  is  this  direct  coupling  that  gives  rise  to  mag¬ 
netic  resonance  and  far-infrared  magnon  excitation.  We 
have  also  neglected  the  nuclear  motion  which  is  re¬ 
sponsible  for  the  phonon  waves. 

In  principle,  all  waves  existing  in  the  medium  can  be 
coupled  together  either  linearly  or  nonlinearly.  The 
coupling  is,  however,  effective  oniy  when  both  linear 
momentum  and  energy  matching  conditions  are  satis¬ 
fied.  Consider  the  case  where  five  waves  are  present  in 
the  medium,  the  laser  and  the  Stokes  waves  at  u>4  and 
us,  and  the  infrared  (or  micro-)  wave,  the  acoustic 
magnon  wave,  and  the  acoustic  phonon  wave  at  u  with 
u=ui—us-  The  laser  and  the  Stokes  waves  can  be 
coupled  to  the  phonon  and  the  magnon  waves  through 
the  nonlinear  Raman  type  coupling,  and  to  the  infrared 
(or  micro-)  wave  through  a  nonlinear  susceptibility  of 
mixed  electric  and  magnetic  dipole  character.  1  his 
coupling  constant  is  given  by  X2  or  X4  in  Eqs.  (39)  and 
(40).  The  magnon  wave  can  be  coupled  linearly  to  the 
phonon  wave  through  the  magnetoelastic  coupling,58 
and  to  the  infrared  (or  micro  )  wave  magnetic  field 
through  the  magnetic -dipole  interaction.  The  coupling 
constants  Xs  and  X8  between  the  acoustic  phonon  and  the 
infrared  (or  micro-)  wave  is  negligibly  small  since  the 
waves  cannot  be  matched  simultaneously  in  energy  and 
momentum.  If  the  laser  field  is  treated  as  a  constant 
parameter,  the  remaining  four  waves  are  linearly 
coupled.  The  coupled  wave  equations  can  be  written  as 

V5Es+(w5!ts/cs)Es-?.IE1(6r+^EIEt.*+X3E,A,*, 
PE/+  (<A.7C5)E,*= ^4E«*Ea+^(5)*-hieA,* , 
V2A,*+  (p0w3/  C„)  A  „  t  (p0/  C0)  2ivTA»  *  (39) 

=  3.;E(*Es+X8{S)*+^E,\ 
V-(5)*+(1//J)(o:-«„-iT8)(‘)* 

=  XioE,*+5.nA,*-fXisE4*Es, 

where  A,  denotes  the  acoustic  vibrational  wave.  The 
coupling  constants  are  either  related  to  physical  con¬ 
stants  or  can  be  derived  explicitly. 

ill  “  —  K^irwsVc4)^  . 

5.2 (Ittm //<:*) 

(40a) 

(er),„(cr)n,.[Mt>«(L+2S)X$]„. 

Xtt - - . 

*’(<*>«, s—  «»»)(«+>Vb) 

This  coupling  between  three  em  waves  in  a  medium 
with  inversion  symmetry  is  about  4  to  6  orders  of 

"C.  Kittcl,  Phy«.  Rev,  110,  836  (1958). 
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magnitude  smaller  than  the  coupling  parameter  for  the 
set  ond-harn. onic  generation  in  piezoelectric  crystals, 
l'he  magnetic-dipole  term  r.  akes  this  term  negligibly 
small  compared  to  the  other  types  of  coupling. 

5.j~  (-tjra'sVc2)  (—  IQ'P).  t  iOb) 

p  is  the  phutoelastic  tensor,  whose  elements  are  of 
order  unity 

A  ^  "  Ij  , 

3lC«t»«(L+2S)Xfl#^v'5»/5f ,+.  (40c) 

This  is  the  magnetic  resonance  term,  that  couples  the 
magnetic  field  at  the  resonance  frequency  to  the  join 
wave. 


V-0, 

5.;~(jqp)/C0-'. 


(40d) 


Here  p  is  the  phutoelastic  teitsor  and  Ca  is  the  elastic 

modulus  tensor; 

3.3=ujftj/CQ.  (40e) 

This  magnetoelasticcoupling  is  derived  f.om  the  inter  - 
■tion  Hamiltonian 


Xm.  -  2Aj[(.Si/5)ff,,+  (5,/A>y  ] , 

where 

<r  (l/2)(0Av/dz-{-dA,/dy) 


and 

<r.  t—  (1/2)  (d  'dx+dAJdz) 

are  the  shear  strain  conn  ,ients.  The  static  magnetiza¬ 
tion  is  along  the  t  direction.  This  is  the  only  magneto¬ 
elastic  coupling  term  in  a  cubic  crystal  which  is  linear  in 
the  spin  variable.  For  a  normal  ferromagnet,  the 
magnetoelastic  constant  b*  has  the  magnitude  of  the 
order  of  5X  1&-7  erg/cm*.2' 

Xi~0, 

1 

*.o=— D*e*'J(L+2S  )X4!USM‘+/0,  (40f) 

h 

Xu  =  it^bsSoO/hfi . 

In  this  elastoinagnetic  coupling  constant  D  is  the  volume 
of  a  unit  ceil. 

(40g) 

Ai  and  Xu  are  the  spin-light  coupling  constants  de¬ 
scribed  in  Sec.  III.  Here,  with  Ei-  5(exp[tkr  r— tW],  a 
solution  of  the  set  of  coupled  equations  (39)  takes  the 
form 

2is~exp[iksr— W3, 

Ei,  A  „  (.V)~  exp[:q  •  r—  thill . 

The  complex  wave  vectors  k.s  and  q=  k,— ks*  are  ob¬ 
tained  from  the  determinant 


(ksi—w^ts/cr)  —  Xi5j 

—  X 1 2  <5 1  *  —  (tii— wo— tTs)//3 

—  A«<S|*  — Xj 

-X  ,5,*  -X, 


—  Xj6( 

—  Xjo 

-*»+«, V/«* 

0 


—  Xj&i 

—  Xt* 

0 

-9s+Wc0)(^-t2u>r) 


=  0. 


(42) 


The  imaginary  part  of  ks  gives  the  Stokes  gain. 

It  is  quite  difficult  to  find  the  solution  ol  Eq.  (42). 
However,  the  dispersion  relations  of  the  waves  arc  such 
that  in  general  only  three  waves  can  be  effectively 
coupled,  sin  :c  the  infrareu  wave  £,  is  always  decoupled 
from  the  aco  istic  wave  Ar.. 

Consider  first  the  coupling  of  Es,  Av,  and  (S).  The 
problem  is  essentially  the  same  as  the  problem  of  the 
Raman  effect  its  a  polar  medium11  where  the  Stokes 
wave  is  coupled  to  the  infrared  and  the  optical  phonon 
waves.  That  calculation  can  be  carried  over  to  the 
present  case,  l.et 

k.s  k.s"l-(A/f)S,  (***)*=-- 

k,'  U.s'-l-q',  ks"~q",  (43) 

k:'  k.s'4  q". 

We  are  interesled  in  the  solution  AA'<<i.s,",  k, In  this 
cast  Tin.  (12)  reduces  to 

( -A  ATT  ins)  (A  K+EJ2U')  (.AK+Ei/2k„n) 

1  \  ,(AAr  1  l;i/2k,t")—  A;(AA' + Ei/2kxi”) 

TAj(—  Aff+ias)—  Am—  0,  (44) 


where 

F,-(«-«t-is(^-ir^/jj) 

F}  =  (j>o/ca)( ur— i‘2wr)—  (g°)J , 

At=—  X|Xu|  6i\*/4ka*q*t 

A.=x3x7!<s,|y4*5,v, 

A, =  -X,X„/4  (?.»)* , 

A i23—  ~  (A iX 7X 1 1 T- X jX»X j *) |  6’/ lybTs/'fj,'1)2. 

The  solution  of  Eq.  (44)  is  shown  diagrammatical ly 
in  Fig.  3.  Curves  !  and  2  are  the  dispersion  curves 
for  the  acoustic  wave  A,  and  the  acoustic  spin  wave 
(.S’).  The  momentum-energy  matching  relation  for  Es, 

q  -  |ki~ M  =[«, (>i|£i~ nxk»)tf'+unHlis'Qh}/r-, 

is  given  by  curve  3.  For  small  coupling  constants,  the 
curves  simply  cross  one  another  instead  of  forming 
gaps.28  Two  waves  can  lit  coupled  effectively  o.  ly  near 
the  point  whu’c  the  corresponding  curves  meet.  Thus, 
in  the  parametric  approximation  stimulated  Brillonin 

*"  No  gap  apiK-ars  al  llie  function  of  plnmon  and  magnon 
dispersion  curves,  if  A»«(p,/c,)wITs/>  \  Sec  Ref  II. 
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and  spin  Rarnan  effects  will  occur  essentially  inde¬ 
pendently  near  the  points  R,  and  Rt,  respectively," 
where  the  corresponding  stimulated  gain  would  be 
maximum.  The  three  waves  can  be  effectively  coupled 
together  only  when  the  three  waves  can  be  made  to 
meet  one  another  at  a  single  point,  (R3).  This  can  be 
done  by  selecting  the  Stokes  direction  or  by  tuning  the 
magnon  frequency  with  the  applied  dc  magnetic  field. 
At  this  point,  the  gain  for  the  mixed  stimulated  Brillouin 
and  spin  Raman  effect  would  be  close  to  maximum. 
Thus,  the  magnon  can  be  excited  indirectly  by  the 
Brillouin  effect  or  conversely,  the  acoustic  wave  can  be 
excited  indirectly  by  the  spin  Raman  effect.  This  has 
practical  importance  in  exciting  the  magnon  wave. 
Individually,  the  spin  Raman  effect  may  have  a  higher 
threshold  t  han  the  Brillouin  effect.  However,  by  coupling 
the  magnon  waves  to  the  acoustic  waves,  they  can  now 
be  excited  with  a  lower  threshold  via  the  Brillouin  effect. 
The  excited  magnon  frequency  can  be  tuned  by  the  dc 
magnetic  field,  but  the  direction  of  the  Stokes  radiation 
will  also  be  changed.  The  exact  solution  for  the  case  of 
three  waves  tightly  coupled  together  should  be  obtained 
directly  from  Eq.  (44).  Further  algebraic  details  may  be 
found  with  the  methods  of  Ref.  11. 

The  coupling  of  Es,  and  (.*>)  can  in  principle  be 
discussed  in  the  same  manner.  The  nonlinear  coupling 
between  Es  and  E,  is  often  small  in  magnetic  media 
which  are  nonpiezoelectric.  The  mixed  spin  and  infrared 


Fio.  3.  Dispersion  curves  describing  the  mixed  spin  Raman  ana 
Brillouin  effect.  Curves  1  and  2  are  the  dispersion  curves  for 
the  acoustic  phonon  and  the  acoustic  magnon  waves.  Curves  3 
»nd  3'  satisfy  the  linear  momentum  and  energy  matching 
condition 

1  k t  —  ka® |  natY) ■  j°-f«>is£s,‘40j/c 

for  two  different  directions  of  Stokes  scattering.  The  resonant 
points  R\  and  R t  denote  almost  pure  Brillouin  effect  and  spin 
Raman  effect,  respectively.  The  resonant  point  Rt  corresponds  to 
the  mixed  stimulated  Brillouin  and  spin  Raman  effect. 


Fio.  4.  Dispersion  curves  describing  the  simultaneous  coupling 
of  the  acoustic  magnon,  the  infrared,  and  the  Stokes  waves  in  an 
anisotropic  medium.  Curves  1  and  i  arc  the  dispersion  curves 
for  the  acoustic  magnon  and  the  infrared  waves,  respectively. 
Curve  3  describes  the  I'uear  energy  and  momentum  matching 
condition 

J*“  |ki  —  kj|  “rui(nii|  —  nstj) '5°+w»ats,-jl>3/c 

in  a  particular  direction  of  scattering.  The  resonant  point  R 
denotes  simultaneous  coupling  of  the  three  waves. 

excitation  is  more  easily  excited  through  the  spin 
Raman  coupling.  In  isotropic  media,  the  dispersion 
curves  for  the  acoustic  magnon  and  the  infrared  waves 
(curves  1  and  2,  respectively,  in  Fig.  4)  could  not 
intersect  the  curve  satisfying  the  linear  momentum  and 
energy  matching  relation  at  the  same  point.  Therefore, 
the  waves  Es,  E„  and  (5)  cannot  he  effectively  coupled 
simultaneously.  In  anisotropic  media  with  indices  of 
refraction  satisfying  the  inequality  m<ns,  this  is  how¬ 
ever,  possible  as  indicated  by  the  resonant  point  R  in 
Fig.  4.  The  problem  is  similar  to  the  Raman  effect  in 
polar  media  discussed  by  Loudon.*0 

VI.  CONCLUSION 

There  is  a  ciose  parallel  between  the  coupling  of  light 
with  optical  phonons  and  the  coupling  of  light  with 
magnons.  The  spin  Raman  process  appears  to  be  two 
orders  of  magnitude  smaller  than  the  ordinary  Raman 
process  in  liquids.  Both  the  spontaneous  and  the  stimu¬ 
lated  spin  Raman  scattering  may  be  observable  in 
suitable  magnetic  substances,  such  as  paramagnetic 
materials  at  low  temperature,  insulating  antiferro- 
magnets  or  ferrimagnetic  garnets.  Magnetic  excitations 
may  also  be  induced  by  light  through  the  stimulated 
Brillouin  effect  and  magnetoelastic  coupling. 


*  R.  Loudon,  Proc.  Phys.  Soc.  (London)  A82,  393  (1963) 
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Scattering  of  Light  by  Magnons* 

V.  K.  SlIEN  1 

Physics  Department,  Unkersity  oj  California,  Berkeley,  California 

Scattering  of  light  by  magnons  has  recently  been  predicted  by  calculations,  and  subsequently  veri¬ 
fied  by  experiments.  In  this  paper,  theoretical  aspects  of  the  problem  are  reviewed  briefly.  The  spin- 
Kaman  effect  is  treated  along  the  same  line  as  ordinary  Raman  scaturing  by  phonons.  The  order  of 
magnitude  of  one-magnon  Raman  scattering  is  estimated  from  the  rotatory  [tower  of  the  magnetic 
ions.  The  effect  is  smaller  in  antiferromagoets  because  of  opposite  spins  in  different  sublutticcs.  In 
ferrites  and  antiferromagnets,  two- mag  non  Raman  scattering  can  occur  through  exchange-type  inter¬ 
action.  Raman  scattering  by  magnetoelastic  modes  should  also  be  observable.  The  possibility  of  con¬ 


structing  a  tunable  light  oscillator  is  discussed. 


I.  INTRODUCTION 

A  RaMAN  process  can  be  defined  as  a  two-photon 
process  in  which  one  photon  is  absorbed  and  the 
other  emitted,  while  the  material  system  is  cither  ex¬ 
cited  (the  Stokes  process)  or  de-e.\cited  (the  anti- 
St  ok  s  process).  Rar.ian  scattering  has  long  been  a 
useful  tool  for  investigating  the  vibrational  or  phonon 
characteristic  of  a  medium.  In  prnciple,  it  should  Ire 
equally  useful  for  investigating  other  kinds  of  localized 
or  cooperative  excitations  in  a  medium.  Raman  scatter¬ 
ing  in  magnetic  media  was  first  suggested  by  Bass  and 
Kaganov,1  and  by  Elliot  and  Loudon,5  and  has  recently 
been  treated  in  detail  by  Shen  and  Bloembergen.3  In 
this  paper,  light  scattering  by  magnons  is  discussed. 

*  This  research  was  supported  by  the  U.S.  Office  of  fiival 
Research  under  Contract  Nonr  3656(32). 

I  Alfred  P.  Sloan  r'cllow. 

1  F.  G.  Bass  and  I.  Kaganov,  Zh.  Eksperi.n.  i  Tew.  I”...  37, 
t390  (1959)  [English  transl.:  Soviet  Phys, — JETP  10,  986 
(I960)]. 

1  R.  J.  Elliot  and  R.  Loudon,  Phys.  I-ctters  3,  189(t963). 

*  Y.  R,  Sben  and  N.  Bloembergen,  Phys.  Rev.  143, 372  (1966). 


The  problem  is  treated  along  the  same  line  as  that  of 
scattering  by  phonons.  Emphasis  is  on  Raman  scatter¬ 
ing  in  ferro-,  ferri-,  and  antiferromagnets.  Magnetic 
excitations  in  paramagnets  can  be  treated  in  the  limiting 
sense  as  localized  spin  waves,5  and  will  not  be  discussed. 
Here,  it  is  shown  that  in  MnFj  and  Pel's,  theoretical 
calculation  agrees  satisfactorily  with  experimental  re¬ 
sults  recently  obtained  by  Floury  el  alf  The  spin-Raman 
effect  could  also  be  observed  on  a  magnetoelastic  mode. 
In  this  latter  case,  the  Raman  scattering  cross  section 
may  be  enhanced  through  the  combined  coupling  of 
photons,  phonons,  and  magnons.  Since  the  magnon 
frequency  can  be  tuned  by  temperature  and  by  an 
applied  magnetic  field,  this  leads  to  the  possibility  of 
constructing  a  tunable  light  oscillator. 

II.  SPIN  RAMAN  EFFECT  IN  FERROMAGNETS 

For  a  Stokes  process  in  which  the  material  system  is 
excited  from  the  initial  state  |i)  to  the  final  state  \  f) 

4  P.  A.  l-lurry,  S.  P.  S.  Porto,  L.  E.  Cbccsman,  and  II.  J. 
Guggenheim,  Phys.  Rev.  Lettert  17,  84  (1966). 
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b /  absorbing  a  photon  at  frequency  coo  and  emitting  a  photon  at  the  Raman  transition  probability  per  uni; 
volume  per  unit  time  as  obtained  from  the  second-order  perturbation  calculation  is  given  by 

H\/=  (2x/h)N  |  K  |2pf; 

^  |  (/,  ( n  1)*„  (nd-  l)r#  |  ^_'„b  3Cfr*(k, ,  tc,)j  /,  (/t~~  l)*o»  Mr, )  (n  1)a-u,  wa-.  |  3Crrfc(ko,  u-o)  |  (,  t/Ao>  ma,  ) 

_  (/,  («-1)aq,  (»  +  1)a,  i  gC.,ft(ko,  tea);  i,  «au,  (»  + 1)Q(7,  »a0,  («+1)a.  I  3C,,.5(k„  to.)  [  /,  >wO| 

fi(w.+«i.)  J 

Pe = k,3g{u,)(Kldu,/{2ir)  3c, 

£l?o  =  «,+(»!/,•,  (1) 


where  and  are  the  initial  numbers  of  photons  in 
the  incident  (ko)  and  the  scattered  (k.)  modes,  (//*,=  0 
for  spontaneous  Raman  scattering),  A'  is  the  number 
of  unit  cells  in  the  unit  volume,  |  / )  is  the  intermediate 
states  of  the  material  system,  and  g(to,),  the  line-shape 
function.  The  interaction  between  the  radiation  field 
and  the  6th  atom  in  a  unit  cel.'  is  denoted  by  the 
Hamiltonian  Xrrb.  In  the  electric-dipole  approximation, 
it  becomes 

3Cr,&(k,«)  =  -<ivEt(k,w),  (2) 

the  sum  over  electrons  in  the  atom  being  omitted. 

For  one-phonon  Stokes  scattering  process,  one  has 

|  /  >  =  j  C,  h,  >  and  |/ )  =  |  G,  (;H- 1) , )  with  |  G  >  =  II'- 1 1  )b 

where  |  g\  is  the  ground  electronic  state  of  the  6th 
atom,  and  w,  is  the  number  of  phonons  with  a  wave 
vc : tor  q=kc~k„.  It  is  readily  seen  from  Eq.  (1)  that 
K  would  vanish  if  there  were  no  electron-phonon  inter¬ 
action  in  the  system,  since  the  Hamiltonian  ,1Cer  cannot 
connect  states  with  different  phonon  occupation  num¬ 
bers.5  Electron-phonon  interaction  X,P  operates  on  both 
ground  and  excited  electronic  states  and  mixes  states 
|  nq)  and  |(h+1)?).  Consequently,  the  transition  prob¬ 
ability  Il\y  no  longer  vanishes,  but  sutlers  a  reduction 
factor  of  the  order  of  1 3C cp/tujq  |2. 

A  similar  situation  arises  in  the  case  of  the  one- 
mngnon  Stokes  process.  Here,  an  eigenstate  of  the 
material  system  consists  of  spin  and  orbital  parts.  The 
spin  part  connected  with  the  ground  orbital  state 
(which,  for  simplicity,  is  assumed  to  be  quenched)  is 
specified  by  the  magnon  occupation  number.  So,  again, 
the  initial  and  the  final  states  can  he  written  as  |  /)  = 

!  G,  »„)  and  (/>=  i  G,  (w+l),)  with  i  G)=IL»  UX. 

where  j  g)  is  the  ground  orbital  state  of  a  magnetic  ion 
and  iiq  is  the  number  ot  magnons  with  wave  vector 
q=ko— k,  and  frequency  to?  given  by  the  magnon.  dis¬ 
persion  relation  for  the  magnetic  medium.  Also,  since 
3C,r  cannot  change  the  magnon  occupation  number,  the 
Raman  transition  probability  in  Eq.  (I)  would  be  zero, 
if  there  were  no  spin-orbit  coupling  in  ground  and 

*  Here,  we  have  neglected  the  Hamiltonian  3C,i  for  the.  inter¬ 
action  between  radiation  fields  and  the  lattice.  Inclusion  of  JC,i 
leads  to  two  other  mechanisms  for  one-phonon  Raman  scattering, 
See  R,  Loudon,  Froc,  i’hya,  Soc,  (London)  82,  393  (1903). 


excited  states.  The  term  X/r5+ in  the  spin-orbit  inter-  »  , 
action  3C /„*  mixes  states  j  «,)  and  |(h+1)„),  so  that 
the  transition  probability  II’,/  no  longer  vanishes,  but 
suffers  a  reduction  factor  of  the  order  of  1 3Cis/E0ry«  |2, 
where  i’rry,  is  the  crystal  field  interaction.’  Bass  and 
Kaganov5  suggested  that  the  one-magnon  Raman  tran¬ 
sition  could  become  allowed  if  only  the  magnetic-dipole 
interaction  is  included  in  fiC,T,  as  was  first  proposed  by 
Winter  and  Javan*  for  the  microwave  Raman  proc  ss 
in  paramagnetic  crystals.  However,  for  visible  fre¬ 
quencies,  this  mechanism  leads  to  a  Raman  transition 
probability  six  to  eight  orders  of  magnitude  smaller 
than  the  one  induced  by  spin-orbit  coupling. 

There  is  a  definite  selection  rule  governing  the  one- 
niagnon  Raman  transitions.  In  order  to  compensate-  the 
change  of  magnetic  quantum  number  Am=  1  due  te*  the 
excitation  of  a  magnon,  the  incident  field  should  have  a 
right  circular  polarization  around,  and  the  scattered 
Stokes  field  a  linear  polarization  along  the  magneti¬ 
zation,  or  vice  versa.  As  a  result,  the  Raman  scattering 
depends  in  an  interesting  way  on  the  relative  directions 
of  magnetization  and  propagation  of  the  two  beams.  If 
the  ground  orbital  state  is  not  completely  quenched, 
and  the  crystal  field  is  large,  the  above  selection  rule 
in  general  breaks  down. 

The  order  of  magnitude  for  the  spin-R.iman  scatter¬ 
ing  cross  section  can  be  ibtained  by  comparing  with 
the  normal  Raman  scattering  cross  section  in  organic 
liquids  using  Eq.  (1).  First,  the  uv  oscillator  strength 
of  electric-dipole  transitions  for  organic  molecules  is 
close  to  1,  but  is  usually  less  than  0.1  for  magnetic  ions. 

Then  the  reduction  factor  j  Xrp/fiuv  |2  is  about  1()-2  for 
molecules,  and  j  Xus/  Frry»  |2  is  about  10  2  to  10"4  for 
magnetic  ions,  'therefore,  at  visible  frequencies,  the 
spin-Raman  effect  would  be  about  10  2  to  101  times 
smaller  than  the  ordinary  Ranrin  effect  in  liquids. 
Magnetic  ions  with  unqucnched  orbital  states  should 
have  larger  spin  Raman  effect.  For  ferrites  and  ant i- 
ferromagnets,  because  of  opposite  spins  or.  different 
sublattices,  the  Raman  scattering  intensity  may  be 
reduced,  further  (see  Sec.  III). 

A  more  accurate  estimate  of  the  spin  Raman  effect 

•J.  M.  Winter,  J.  Phy».  Radium  19,  834  (1958);  A.  Javan, 
ibid-,  p.  836, 
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can  often  be  obtained  from  the  low-temperature  optical 
rotatory  power  4>  of  individual  magnetic  ions.3 

<l>:=4jr(W»c)a:i: 

«!■' -  2  2-  I  (w  —bln)  ]  '  +  [/i  (iO+O!/,)  ]H ) 

I 

xn <*■  !«•+!/  )!*— I <*  I  »■-  U >1*3  W 

For  quenched  orbital  states,  on-  would  be  zero  if  there 
were  no  spin  -orbit  coupling.7  Thus,  on”  also  suffers  a 
reduction  factor  of  |  .TCis  i \r;,  |2.  One  sees  readily  from 
Eq.  (1)  that  ay  has  the  same  order  of  magnitude  as 

I  K  V\  <{»-l)t,  I  EMI ».„)<(»+  Dx.  |  /'Ml  M«.)|  in 

the  spin  Raman  effect.  Consequently,  the  differential 
spin  Raman  scattering  cross  section  is  given  by  </tr 
(uo/c)*a^.  As  an  example,  EuIf  in  CaF2  has  a  rotatory 
power  with  <n~5X  10  56  in  the  red.  This  would  yield 
</<r/(/S2~2.5,'<10_3!  cm2/(Eu2+  ion)(sr)  which  is  about 
three  orders  of  magnitude  smaller  than  that  of  the 
992  cm-1  vibrational  mode  of  benzene.*  (<lo/dil= 
3.3X1CF39  cm2/sr  at  4880  A).  Ferromagnetic  Eu:+ 
compunds  could  have  ofXsKC24  in  the  visible*  and 
hence  cm2/sr.  This  anomalously  large 

rotatory  power  and  spin  Raman  effect  of  Eu5+  arise 
as  a  result  of  approaching  &>/,  in  the  resonant  de¬ 
nominator.  It  is  also  interesting  to  note  that  Gd’f, 
being  isoelectronic  with  Kus+,  has  nevertheless  ex¬ 
tremely  small  rotatory  power  in  the  visible.  This  is 
because  wo  is  so  far  away  from  u/.  that  the  set  of  excited 
Pj  multiplets  can  be  considered  as  degenerate,'07  and 
hence  the  net  effect  of  spin-orbit  coupling  on  optical 
rotatory  power  from  the  degenerate  multiplets  is  zero. 
The  same  argument  should  also  apply  to  spin  Raman 
effect. 

Both  the  Faraday  effect  and  the  spin  Raman  effect 
can  be  described  in  terms  of  spin  Hamiltonians.  From 
Eq  (1;,  with  the  perturbation  of  spin-orbit  inter¬ 
action,  we  find 

A'=  <(h+1)„  (h-1)*0.  (/i+O*.  I  Kut  |  h„  >/*„  «*, ), 

where  the  spin  Hamiltonian  for  the  Raman  interaction 
is 

3C|„t.=  22  A t, X/+ (u,;)  [ Er (io0)  Et* («,) 

b 

+  /4~M  Ep (wo) ]+  adjoint,  (4) 

At  being  a  coefficient  independent  of  the  spin  S  and 
the  fields  E.  The  spin  Hamiltonian  for  the  Faraday 
effect  in  the  same  magnetic  material  is  found  to  be3'11 

3CK=22  /«V(0)[|  /■V'MIH  EirM !2].  (5) 

b 

The  coefficients  A  and  K  in  Eqs.  (4)  and  (5)  have  the 

>  Y.  R.  Shcn,  Phys.  Rev.  133,  AStt  ( 1964) . 

*J.  G.  Skinner  and  W.  G.  Nilsen,  Annual  Meeting  of  the 
Optical  Societ'-  of  America  in  San  Francisco,  1966,  Paper  WE- It. 

•  J,  C.  Suits  (private  communication) . 

*L.  Rosenfeld,  Z.  Physik  57,  835  (1929). 

II  P.  S.  Pershan,  J.  P.  van  der  Zicl,  and  L.  I).  Malmstrom, 
Phys.  Rev.  143,  574  (1966). 


same  order  of  magnitude  as  at/ S  both  vanishing  in 
the  absence  of  spin-orbit  coupling.  Selection  rules  for 
the  two  effects  r.ie  seen  explicitly  from  tlm  expressions 
of  the  spin  Hamiltonians. 

There  are  n  magnon  branches  corresponding  to  n 
magnetic  ions  in  a  unit  cell.12  For  each  branch  in  the 
long-wavelength  limit,  one  has 

v,=w0  4-/3</2.  (6) 

Here, and  depend  upon  magnetizations,  anisotropy, 
and  the  applied  magnetic  field  on  different  sublattices. 
In  general,  u>„  decreases  as  the  magnetizations  and 
anisotropy  energy  decrease.  With  increasing  temper¬ 
ature,  both  magnetizations  and  anisotropy  decrease; 
one  would  then  find  that  the  Stokes  frequency  shifts 
to  the  short-wavelength  side.  Measurements  of  w,  couhl 
yield  information  about  exchange  coupling  between 
magnetic  ions  and  the  anisotropy  field  in  the  lattice. 

At  finite  temperatures,  the  integrated  Stokes  scatter¬ 
ing  intensity  should  be  propoaional  to  («,(7')  )-f-l, 
while  the  integrated  anti-Stckes  scattering  intensity 
should  be  proportional  to  (»,(T)  ).  Thus,  the  anti- 
Stokes  scattering  intensity  would  grow  with  increasing 
temperature,  but  tile  Stokes  scattering  intensity  would 
remain  more  or  less  unchanged  until  tile  thermal  exci¬ 
tations  of  magnons  become  so  high  that  {«„}  is  a  non- 
negligible  fraction  of  1.  The  linewidth,  as  determined 
by  the  relaxation  of  magnon  excitations,  is  also  a  strong 
function  of  temperature.  While  no  satisfactory  theory 
exists  for  the  magnon  relaxation,  the  linewidth  can 
possibly  be  accounted  for  by  fluctuations  in  the  mo¬ 
lecular  field.13  Generally,  the  linewidth  would  increase 
strongiy  with  temperature.  The  magnon  spectrum  dis¬ 
appears  eventually  as  temperature  approaches  the  Curie 
point  Above  the  Curie  temperature  Raman  scattering 
from  individual  paramagnetic  ions  results. 

In  principle,  the  two-magnon  Raman  scattering  proc¬ 
ess,  analogous  to  two-phonon  Raman  scattering,  also 
exists.  For  ferromagnets  with  quenched  orbital  stales, 
spin-orbit  coupling  has  to  be  used  twice  in  the  pertur¬ 
bation  in  order  to  change  the  magnon  occupation  num¬ 
ber  by  2.  The  corresponding  two-magnon  Raman  effect 
suffers  a  reduction  factor  of  1 3C/,s/F’rrr«  |4.  For  ferrites 
and  antiferron.agnets,  two-magnon  Raman  scattering 
can  in  fact  occur  without  the  help  of  spin-orbit  coupling, 
as  we  shall  discuss  in  the  following  section. 

III.  SPIN  RAMAN  EFFECT  IN 
ANTIFERROMAGNETS 

Recently,  Fleurv  cl  al*  reported  observation  of 
Raman  scattering  by  magnons  in  untifcrroiiiugnets  I'eF* 
and  Mnl  j.  In  this  section,  we  shall  show  that  their 
results  agree  satisfactorily  with  theoretical  calculation. 

Consider  a  ferrite  with  two  sublattices  A  and  B. 

14  See,  for  example,  II.  Harris,  l’hys.  Rev.  132,  2398  (19631. 

13  F.  M.  Johnson  and  A.  11.  Net  hereof ,  l’hvs.  Rev.  114,  70S 
(1959). 
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SCATTERING  OF  FIGHT  BY  M A G N O X S 


Assume  lhat  exchange  coupling  exists  only  between  spins  on  different  sr.hlntiiees.  Tins  gives  rise  to  two  magi  ion 
branches.  The  optical  magnon  mode  at  q = 0  is14 


0.’°  =  I  (a’.jiTnva — mfA — o.'un)  T  ■;  [  (&v,i  -f-co.  n  -f  w»«.) 2  —  4avjti.v/i]1'~, 


0) 


where  avt,  ava,  avi.  and  uao  are  the  exchange  and  anisotropic  frequencies  for  spins  in  the  two  sublet  lias.  Hie 
zero  and  the  one-magnon  states  are3 


!  o,)-IT  I  +  )■> 

i 

j  14)=  (l/.v)1B  Z  [(<*.  i  -h  +  >•-»** !  -  ),)II  S  -  ,  +  )»]  exp(/q-R,), 


Mi=<*v.i  rD,  /*!=  tfy/D 

D=  [av.C-f  (avn+aijj— a'°)231,;,  (8) 

|  d-,  i  ),  being  the  spin  states  for  the  jlh  unit  cell.  The  spin  operators  in  ferrites  are  defined  as  ,Sj,=  S,,  Su ,  —  —  Sb 
iiiul  .5’,.,*  j  =F  >.4=i  ±  }a  and  j  ±  )#  =  |  T  )«.  From  Kq.  (1),  with  the  help  of  Kqs.  (4)  and  (8),  weliitd 

A'=  ((«— 1)*»,  (k+1)».  IC/irU)  /i'(u'j)  +  V4'(fcV  H  '{te,)3!  «<-.).  (9j 


Here,  .1 and  A/;  have  the  same  order  of  magnitude 
as  the  Faraday  coefficients  of/5  for  ions  in  the  two 
sublattices.  Ti  c  selection  rule  manifests  itself  in  Eq. 
(9).  Similar  to  the  case  of  direct  infrared  excitation,15 
the  onc-magr.on  Raman  transition  probability  for  fer¬ 
rites  suffers  a  reduction  factor  of 

I  ?  (mi  A  a — M2-1  b\ ’  ( .4  a + A  n)  l2 

as  compared  with  the  case  where  spins  on  the  two  sub¬ 
lattices  were  aligned  in  the  same  direction. 

For  antiferromagnets  KeF»,  MnFj,  etc.,  we  have 
.1  a  —  A «~ok.  Then,  the one-niagnon differential  Raman 
scattering  cross  section  is  p;)3(a.'o4.'c4)o,r- 

In  the  case  of  KcF*  the  exchange  field  urfy  and  the 
anisotropy  field  ui„/y,  with  y=ge/2mc,  arc  540  and 
200  kOe  respectively.’6  One  gets,  from  liq.  (8),  mi  = 
0.905  and  0.406.  If  we  assume  that  the  rotatory 
power  of  Fe2+  is  the  same  as  that  of  EuJ+,  then  the 
one-magnon  Raman  scattering  In  FeFj  ’  _c  da/dQr~ 
6X  Hr 13  cn’'/sr,  which  is  about  four  orders  of  magnitude 
smaller  than  that  of  benzene,  and  agrees  with  experi¬ 
mental  observation.4  It  should  be  noticed  that  if  the 
anisotropy  field  were  zero,  u:  would  be  equal  to  fti  and 
the  Raman  effect  would  ni.  appear.  In  MnFs,  the  ani¬ 
sotropy  field  a\  y~  7.2  kOe  is  indeed  small  compared 
with  the  exchange  field  u>,/’y  =  392  kOe.’7  We  find  Mi  = 
0.771  and  mj=0.637.  In  addition,  the  rotatory  power 
of  MnS4  is  perhaps  at  least  one  order  of  magnitude 
smaller  than  that  of  Eui+.  Therefore,  Ja  dV.  <  5X 10'  “ 
cm*/sr.  Experimentally,  no  one-magnon  Raman  scatter¬ 
ing  has  been  observed.4 

The  Raman  scattering  experiments  also  show  that 
the  magnon  mode  decreases  with  increasing  temper- 

>*  T.  Nagnmiv.-t,  K.  Ynsida,  and  R.  Kuho,  Advan.  I’hys.  * 
14  C.955). 

15  At.  Tinkham,  Phys.  Rev.  124,311  (1961). 

>*  R,  C.  Ohlmann  and  M.  Tinkham,  Rhys.  Rev,  123,  425 
(t96t). 

a  J.  Kanamori  and  K.  Minatono,  J.  Phys.  Soc.  Japan  17, 
1759  (t962). 


ature.  The  results  agree  qualitatively  with  the  calcu¬ 
lation  by  Ohlmann  and  Tinkhain1*-1*  using  the  mo- 
lecular-ii  rid  approximation.  They  also  found  a  7’’  de¬ 
pendence  of  the  line-width  of  the  magnon  mode.  Broad¬ 
ening  of  the  Stokes  component  with  temperature  has 
indeed  been  observed,4  although  the  T*  dependence  has 
not  been  checked  carefully.  The  peak  of  the  Stokes 
component  should  he  inversely  proportional  to  the 
linewidth.  The  anti-Stokes  component  was  observed  at 
temperatures  above  30°. 

With  an  external  magnetic  field  If  along  the  prcfeired 
axis,  the  degeneracy  of  the  magnon  mode  is  lifted15 

co,  (//)=«,(«)  ±  *)//+ 0  ( /72) .  (10) 

The  splitting  is  about  4  cur1  for  11=20  kOe.  This 
should  he  observable  in  Raman  scattering  at  sufficiently 
low  temperature. 

Fleury  el  aid  also  reported  the  ob-ervation  of  two- 
magnon  Raman  scattering  in  FeFj  and  MnFs.  The 
two-magnon  lines  appear  to  be  somewhat  more  intense 
than  the  one-magnon  line  in  FeF;.  This  eliminates  the 
possibility  that  they  arise  as  a  result  of  second-order 
perturbation  of  sp-ri-orhit  interaction  on  the.  stater-. 
In  lad,  exchange- type  interaction  between  magnetic 
ions  on  opposite  sublattices  is  possibly  responsible  for 
the  two-magnon  Raman  scattering  as  suggested  by 
Loudon.4-20  The  same  mechanism  has  been  used  to 
explain  the  magnon  side  hand  of  optical  absorption 
lines21  and  the  two-magnon  infrared  absorption,'"  Here, 
the  exchange  type  interactior  Vmn=  J„„S„+S*+  bc- 

»T.  OrucW,  Fhvs.  Rev.  Ill,  1063  (1958).  S.  I-oner,  1’hvs. 
Rev.  107,  683  (t957). 

■*  (’,  Kil  tel.  Quantum  Theory  of  Solids  (John  Wiley  &  Sons, 
Inc.,  New  York,  1963). 

a  R,  Loudon  (un|»utjlishe<l) . 

!I  R.  Greene,  1).  I).  Se„,  W.  ’1.  Yen,  A.  I..  Srhawlmv, 
anil  R.  M .  While,  I’hys.  Rev.  l-ctters  15, 656  ( 1965) ;  P.  G.  Russel, 
D.  S.  McClure,  and  j.  W.  Stout,  ibid.  16,  176  (1966). 

s  Y.  Tanabc,  T,  Moriya,  and  S.  Su;;ano,  Fhys.  Rev.  Let.ers 
15,  1023  (t965).  J.  W.  Hatley  and  I.  Silvera,  io’d.,  p  654;  S,  J. 
Allen,  R.  Loudon,  and  P.  L.  Richards,  ibid.  16,  463  ( t 366) . 
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tween  ions  m  and  i;  connects  the  states  |  g.„,  — ;  i„,  -f-  ) 
and  |  im,  + ;  gn,  —  )  and  creates  two  magnons  by  flippirg 
the  spins  on  both  ions  simultaneously.  The  correspond¬ 
ing  matrix  element  product  for  the  Raman  transitions  is 

(gm,  -;gn,  +  |«r.  |fr»,  +  } 

X  (gm,  j  !'r. ,  "b|  1  inn  |  tmi  "F  j  gn-  } 

X  (im,  -r ;  gn,  - '  crm  !  gm ,  -f ;  g„,  -  ). 

More  generally,  regardless  of  the  detailed  mechanisms, 
one  c°n  derive  a  spin  Hamiltonian  for  the  two-magnon 
Raman  transitions 

3Cut“  E  (5m+^,4)+adjoint. 

m ,  n 

(11) 

Transformation  of  the  above  expression  into  momentum 
space  yields 

3C|„i=X!  (E(“,1*A,/E*(“!*'')  /++ ad  joint,  (12) 

9 

where  we  asstmie  that  the  wave  vectors  of  the  radiation 
fields  are  negligible  compared  with  </.  Thus,  the  two 
magnons  must  have  approximately  equal  and  opposite 
wave  vectors  ±q,  and  the  corresponding  Stokes  fre¬ 
quency  is«„=wi—  2w,.  Not  all  components  of  A  in  Eqs. 
(11)  and  (12)  arc  independent  since  the  spin  Hamil¬ 
tonian  must  be  invariant  under  the  operations  of  the 
crystal  symmetry  group.  The  two-magnon  Raman  spec¬ 
trum  can  then  be  calculated  if  bo'.h  A  and  the  niagnon 
density  of  states  are  known.  Matching  of  the  theoretical 
curve  to  the  experimental  spectrum  yields  information 
about  the  magnitudes  of  A  and  the  exchange  coupling 
l'««  between  spins.  A  similar  approach  was  used  by 
Allen,  Loudon,  and  Richards"  to  interpret  the  observed 
two-magnon  absorption  spectrum.  Thus,  Loudon  was 
able  to  explain  the  observed  two-magnon  Raman 
spectra  in  FcFj  and  MnF-.20  There  are  two  peaks  in 
both  spectra.23  The  one  at  higher  frequency  arises 
because  of  the  singularity  in  the  niagnon  density  of 
states  at  the  center  of  the  (100)  face  in  the  Brillouin 
zone.  It  has  a  selection  rule  which  requires  both  the 
laser  and  the  Stokes  polarizations  perpendicular  to  the 
c  axis  (or  z  axis),  but  at  right  angles  to  each  other.23 
The  one  at  lower  frequency  arises  because  of  the  singu¬ 
larity  in  the  magnon  density  of  stales  at  the  (HI) 
corner  of  the  Brillouin  zone.  The  associated  selection 
rule  requires  the  laser  polarization  parallel  and  the 
Stokes  polarization  perpendicular  to  the  c  axis,  or  vice 
versa.23 

The  intensity'  ratio  of  two-magnon  to  one-magnon 
Raman  scattering  is 

|  (»bV2*i,)/(XL.  S/Tcryst  („,_*>  |2, 

a  P.  A.  Flcury  and  S.  P.  S.  Porto,  Annual  Meeting  of  the  Cor¬ 
tical  Society  of  America  in  San  Francisco,  1966,  Paper  WE-17. 


where  n  is  the  number  of  nearest  neighbors.  For  FeF». 

( n V„ !'2(ti„) -'•-’(  1  ’45) ,  5=2,  5  XL-S/Ftn-,  | — -l  7 10,  and 
hence  the  intensity  ratio  is  of  the  order  of  1,  as  ob¬ 
served  experimentally'.  \  similar  result  was  also  found 
by  Loudon.20 

With  an  external  magnetic  field  along  the  preferred 
axis,  the  degeneracy  of  the  niagnon  branch  is  lifted  as 
given  by  Eq.  (10).  Since  the  two-magnon  Ramac 
process  we  have  described  preserves  the  total  spin 
magnetization  along  the  field,  the  two  magnons  must 
come  from  the  two  Zeeman  branches  respectively.21 
Thus,  to  the  lowest  order  in  II,  there  would  be  no 
magnetic  field  effect  on  the  two-magnon  Raman  spec¬ 
trum  since  to,///)  +ce  _„(//)  -  2to„(0) P 

The  two-magnon  Raman  spectrum  indicates  that 
the  magnon  frequencies  at  the  edges  of  the  Brillouin 
zone  also  decrease  with  increasing  temperature.  Silvera 
and  Halley25  have  calculated  the  temperature  variation  t 

of  ug(T),  using  the  molecular  field  approximation  of 
Ohlmann  and  Tinkham.16  Their  results  agree  quali¬ 
tatively  with  experiments.  From  the  above  discussion, 
it  is  seen  that  the  observed  Raman  spectra  in  FeFj 
and  MnF«  can  indeed  be  described  satisfactorily  by 
the  theory'. 

IV.  RAMAN  SCATTERING  FROM 
MAGNETOELASTIC  MODES 

In  a  magnetic  crystal,  the  spm  wave  can  also  couple 
linearly  with  the  phonon  wave  through  the  magneto¬ 
elastic  coupling.2*  This  happens  if  tne  dispersion  curves 
of  magnons  and  phonons  wou'd  intersect  (Fig.  1). 

The  coupling  is  most  effective  in  the  region  near  the 
intersection.  If  the  coupling  energy  is  large  compared 
with  the  linewidth,  there  would  be  a  spotting  of  the 


Fic.  1,  Dispersion  curves  describing  spin  Raman  scattering 
from  magnctoelastic  modes.  The  dashed  and  the  solid  curves 
correspond  to  the  cases  of  small  and  large  magnetoelastic  coupling 
respectively.  The  heavy  line  describes  the  energy  and  momentum 
matching  condition  j=|  kj-k,  |  =  —  h.F,)  •  iJ-Fivn.fc,- gj1  'c. 

The  intersecting  points  ft,  Rt,  and  ft  denote  the  magneto- 
elastic  modes  contributing  to  the  Raman  scattering. 

14  Similar  situation  arises  in  the  magnon  side  hand  of  optical 
absorption  and  in  the  two-magnon  infrared  absorption.  R.  M. 
White  (private communications). 

»  I.  Silvera  and  W.  Halley,  Phvs.  Rev.  149,  415  (1966). 

*  C.  Kittcl,  Phys.  Rev.  110,  836  (1958). 
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dispersion  curves  at  the  intersection.  (Fig.  1).  Other¬ 
wise,  no  splitting  exists.  A  new  mode,  with  mixed 
character  of  magnons  and  phonons,  now  arises  because 
of  the  coupling.  This  is  known  as  the  magnetoelastic 
mode.  Both  the  dispersion  curves  and  the  amount  of 
mixture  in  the  magnetoelastic  mode  can  be  determined 
by  solving  the  coupled  equations  of  motion  for  magnons 
and  phonons.  Thus,  the  state  corresponding  to  a  single 
excitation  of  the  magnetoelastic  mode  is 

1  1  <*1  |  |  1$)  mnjrnon*  (13) 

where  |  ct\  |*+|  at  |*=  1. 

Raman  scattering  by  a  magnetoelastic  mode  would 
certainly  occur  if  the  energy  and  momentum  matching 
conditions  can  be  satisfied, 

q=  |  ko— b,  |  =  [w0(nofo—  njk.)  •q-Hyr,(vq]V. 

From  Eqs.  (1)  and  ( * 3) ,  this  Raman  transition  prob¬ 
ability  is  given  by 

Wif=  (2r/h)  N  |  aiKph+a,Km„  |*M,  ( 14) 

where  Kpb  and  Kmv  are  the  Raman  scattering  ampli¬ 
tudes  by  me  phonon  and  one  magnon  at  respec¬ 
tively.  If  ‘  ai  |«|  ai  |,  and  |  A'ph  |»|  Km„  |,  then  IFySS 
(2r / ft) N  |  a.Kpb  | V*.  Therefore,  the  probability  of  ex¬ 
citing  a  magnon  through  the  Raman  process  can  be 
enhanced  by  the  magnetoelastic  coupling.  This  is  par¬ 
ticularly  important  in  the  consideration  of  generating 
magnon  waves  by  the  stimulated  Raman  process.1 

Different  magnetoelastic  modes  are  excited  by  Stokes 
scattering  at  different  angles.  Since  on /«*  is  different 
for  different  modes,  it  is  interesting  to  see  how  the 
intensity  and  the  polarization  property  of  the  Stokes 
change  as  the  angle  changes.  The  results  could  yield 
information  about  the  magnetoelastic  coupling  in  the 
crystal. 

Since  the  magnon  frequency  varies  with  temperature 
T  and  the  external  magnetic  field  II,  the  intersection 
of  the  dispersion  curves  of  phonons  and  magnons  can 
be  tuned  over  a  limited  range  by  adjusting  T  and  II. 
The  Stokes  scattering  will  be  changed  correspondingly 
in  a  predictable  way. 

V.  TUNABLE  SPIN  RAMAN  OSCILLATOR 

We  have  seen  in  the  preceding  sections  that  the 
Stokes  frequency  in  the  one-magnon  Raman  scattering 


can  be  tuned  by  temperature,  hv  applied  magnetic 
field,  or  by  angle  of  scattering.  Thus,  a  tunable  light 
oscillator  could  be  achieved  if  the  Raman  process  can 
be  made  into  a  stimulated  one. 

The  stimulated  Raman  gain  can  be  calculated  from 
the  Raman  transition  probability  IF, 7.*  In  particular, 
if  the  magnon  damping  is  sufficiently  strong,  the  gain 
is  directly  proportional  to  If',/.”-3 

G(ti)j)  =  (4ir<  ?WW.,,S)|  (15) 

With  Ar  =  5X1021  cm-5,  (/<7  Vfi=10~31  cm2,  I  7^1  =  450 
esv  for  a  100-MW  ’em2  laser  beam,  and  a  magnon 
linewidth  of  5X1010  sec-1,  the  maximum  gain  at  reso¬ 
nance  is  Gma,  =  2.5XlO~2  cm-1.  Stimulated  Raman 
scattering  can  occur  if  G„MX  is  larger  than  the  Stokes 
loss  per  centimeter  in  the  medium.  This  gain  Gmn,  is 
ahout  two  orders  of  magnitude  smaller  than  that  of 
benzene.  However,  the  scattering  cross  section  in  some 
magnetic  materials  can  be  much  larger,  or  the  liucwidth 
smaller.  The  gain  can  also  be  enhanced  by  the  magneto¬ 
elastic  coupling  as  we  mentioned  earlier. 

Stimulated  Raman  scattering  has  been  observed  in 
benzene  in  a  cell  with  or  without  reflecting  end  mirrors. 
In  the  fonner  case,  the  complication  of  self-fociising-8 
could  be  avoided.  For  the  spin  Raman  effect,  one  would 
also  expect  to  see  stimulated  scattering  in  such  a 
resonant  cavity  if  the  laser  intenr'y  is  sufficiently  high 
and  the  loss  in  the  medium  sufficiently  low.  The  laser 
and  the  Stokes  radiation  are  usually  made  parallel  to 
each  other  to  achieve  the  maximum  interaction  length. 
However,  sometimes  it  is  more  advantageous  to  have 
the  laser  at  an  angle  to  the  Stokes  radiation.  Then, 
the  cavity  geometry  of  Dennis  and  Tanncnwald29  should 
be  used.  This  applies  to  the  case  of  Raman  scattering 
by  the  magnetoelastic  modes.  Here  in  order  to  obtain 
the  maximum  gain  one  would  like  to  have  the  Stokes 
radiation  in  the  direction  corresponding  to  a  mode 
with  maximum  phonon-magnon  coupling.  This  di¬ 
rection  changes  as  the  mode  frequency  is  tuned  by 
either  the  temperature  or  the  external  magnetic  field. 
The  tuning  range  of  such  a  light  oscillator  is  about  a 
few  reciprocal  centimeters. 

17  Y.  R.  Shen  and  N.  Btoembergen,  Phvs.  Rev.  137,  A1787 
(1965).  R.  W.  Hellwarth,  ibid.  130,  1850  (t 963). 

"  See,  for  example,  L.  Garmire,  R.  Y.  Chian,  and  C.  If.  Townes, 
Ph.vs.  Rev.  Letters  16,347  (t966). 

nJ.  If.  Dennis  and  P.  E.  Tanncnwald,  Appl.  Phys.  Letters 
5,58  (1964). 
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Quantum  Statistics  of  Nonlinear  Optics* 
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Nonlinear  interaction  of  light  with  matter  is  described  from  the  quantum-statistical  point  of  view.  The 
cases  of  two-photon  absorption,  Raman  transition,  sum-frequency  generation,  parametric  amplification, 
and  incoherent  scattering  are  discussed.  It  is  shown  that  the  nonlinear  optical  effects  depend  strongly  on  the 
statistical  properties  of  the  light  fields.  The  rate  of  nonlinear  absorption,  generation,  and  amplification  is 
higher  for  chaotic  than  for  coherent,  and  also  higher  for  multimode  than  for  single-mode  pump  fields.  Meas¬ 
urements  of  the  statistics  of  the  output  fields  may  yield  information  about  the  statistics  of  the  input  fields 
and  the  properties  of  the  medium. 


I.  INTRODUCTION 

THE  quantum  statistical  properties  of  light  from 
various  sources  have  recently  been  extensively 
investigated.12  However,  the  question  whether  inter¬ 
action  of  light  with  matter  would  change  statistical 
properties  of  light  fields  has  seldom  been  raised.  The 
purpose  of  this  paper  is  to  extend  the  quantum- 
stalutical  description  to  the  case  of  light  fields  after 
interacting  with  a  medium.  Emphasis  is  on  the  effect 
of  nonlinear  interaction  of  light  with  the  medi  .rn. 

It  is  usually  assumed  in  tne  literature  that  *  atistical 
properties  of  a  light  beam  remain  unchanged  .n  travers¬ 
ing  a  medium  if  the  response  of  the  medium  to  the  light 
fields  is  linear.  This  assumption  is  certainly  a  valid  one 
for  a  nonabsorbing  medium,  since  the  linear  interaction 
of  light  with  the  medium  cannot  disturb  the  probability 
distribution  of  photons  in  their  number  states  (if  the 
disturbance  due  to  incoherent  scattering  can  be 
neglected.  See  Sec.  111).  Only  their  spatial  distribution 
is  changed  through  the  interaction.  Let  the  vector 
potential  be  written  in  the  usual  form5 

A(r,l)=cl  (2*h/ut)'i* 

k 

X{tf*ul(r)e.\p(iu*/)-batiu**(r)e.\p(—  tw*<)} ,  (1) 

where  a’  and  a  are  the  creation  and  the  annihilation 
operators,  respectively,  for  the  kth  mode.  (The  sub¬ 
indices  indicating  the  polarization  of  the  fields  are  being 
omitted.)  The  spatial  function  u*(r)  is  a  normalized 
eigenfunction  of  the  differential  equation 

[VHW45«*(r)/c2>t(r)=0,  (2) 

where  «*(r)  is  the  linear  dielectric  constant  at  frequency 


•  Research  was  supported  by  the  U.  S.  Ollkc  of  Navai  Research 
under  Contract  Nonr  3056(32).  Preliminary  results  of  this  |i»per 
were  reported  in  the  .Second  Rochester  Conference  on  Coherence 
and  Quantum  Optics,  Rochester,  New  York,  June,  1966. 

t  Alfred  P.  Sloan  Research  Fellow. 

1  R.  Glauber,  Quantum  Optics  and  Flectronics,  edited  by  C. 
•eWitt  e I  at.  (Gordon  and  Breach  Science  Publishers,  Inc.,  New 
York,  1965). 

•See,  for  example,  Abstracts  on  .Second  Rochester  Conference 
on  Coherence  and  Quantum  Optics,  Rochester  (unpublished). 

-  See,  for  example,  \V.  Hcitler,  Quantum  Theory  of  Radiation 
(Clarendon  Press,  Oxford,  Englaud,  195-1),  p.  54. 


o>i.4  From  Sturm-Louivelle  theory,  the  orthonormality 
condition  gives 

J  («**<),/*Ut(r)»!*<  =«*  i.  (3) 

Then,  the  Hamiltonian  of  the.  fields  in  the  presence  of 
the  linear  nonabsorbing  medium  reduces  to  the  familiar 
form 

i)-  (4) 

k 

Thus,  the  photon  statistics  of  the  fields  is  not  changed 
except  that  the  spatial  distribution,  described  by 
u*(r),  is  now  different  from  the  vacuum  case. 

This  is  not  quite  true  if  the  medium  is  lossy.  An 
obvious  example  is  the  case  whtre  originally  there  are 
exactly  w*  photons  present  in  such  a  medium.  After 
the  absorption  has  been  switched  on  for  a  finite  length 
of  time,  the  photon  system  has  finite  probabilities  in 
the  occupation  number  states  |k»),  |(«— 1)»),  |(h— 2)*), 
etc.  The  statistical  properties  of  the  photon  system  have 
clearly  been  changed.  Assume  that  the  medium  has  an 
electric-dipole  transition  between  atomic  states  \pt) 
and  |^i)  with  frequency  sej... ration  w»,  which  coincides 
with  the  photon  frequency  of  the  Ath  mode.  The  single¬ 
photon  absorption  can  be  described  by  the  interaction 
Hamiltonian 

{tc»i'ci.Et<-,(r,)T-t*c*iCidEtf+,(rf)).  (5) 

I 

Here,  cu,  cu,  cu\  and  Ctf  are  creation  and  annihilation 
operators  for  the  ith  atom  in  states  1  and  2,  respectively. 
£  is  the  electric -dipole  matrix  element  for  the  transition. 
The  positive-frequency  part  of  the  electric  field  at  the 
ith  atom  is  given  by 

E*;+,(rj)=  E*<-,(r<),=  i(2xfiuk)uhik*(r,)a^ .  (b) 
In  the  interaction  representation,  the  equation  of 


*  In  geieral  the  coherent  linear  res|x>nsc  ol  a  medium  to  the 
fields  can  lie  described  completely  by  a  generalized  linear  dielectric 
tensor  Ct(r);  see  Y.  R.  Slicn,  l’hys.  Rev.  133,  A51 1  (I9ft4).  In  this 
laper,  we  shall  assume  that  c*(r)  is  a  scalar,  and  that  all  fields  are 
inearly  polarized. 
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motion  for  the  density  matrix  p  of  the  composite  system 
is 

ihtip/  dt=*  [3CiBt(/),p(/)] .  (7) 

Iteration  cf  p  for  small  increment  of  /  in  the  above 
equation  gives' 

5p(f.+0/df=(l/tA)[3Clnl(to+/)1p(/.)] 

*«rH 

+(-!/**)  /  LrUh+t), 

J  a 

X[3Cillt(n,p(/o)]>//'+'--.  (8) 

We  now  assume  that  the  thermal  equilibrium  of  the 
atomv.  system  is  not  disturbed  by  photon  fields.  The 
density  matrix  can  then  be  written  as  p(t)  =  pr(t) 
Xn.Px,(0),  where  p?  and  p.u  arc  density  matrix 
operators  for  the  photon  system  and  for  the  ith  atom, 
respectively.  This  is  known  as  the  irreversible  approxi¬ 
mation.*  We  have,  with  the  same  approximation  as 
used  in  the  ordinary  time  dependent  perturbation 
calculation, ‘-7  namely,  /i/|3C,nt|  >/»)/(linewidth), 

dpr/dt  =  TrA(dp/dl) 

=  —  —  2fltpfflt,-|-pf.at,flt)pivi0 

+  (flkaJpr—  2 aJprak+pr(ikai?)pzA0] ,  (9) 

where 

< 

=  [»■“!  |  i !  *«(«*)/*] J  d*r  |  u*(r)  |  *.Y (r) . 

Here  g(u*)  is  the  line  shape  function,  .Y(r)  is  the  density 
of  atoms  at  the  position  r,  and  pi/  and  p™0  arc  the 
thermal  populations  f"'r  the  two  atomic  states.  The 
integration  extends  over  the  volume  of  the  medium. 
The  constant  0  is  related  to  the  absorption  coefficient. 
If  pr(t)  is  known,  statistical  properties  of  the  fields, 
such  as  temporal  and  spatial  coherence,  can  readily  be 
determined.  From  Eq.  (9),  one  obtains 

d(ak)/dl=  —  0(pi.i#— p:a°)(o*)  , 
d{ak'ak)/dl=  -  2d(p,A°-pJ/)<al,a*>+2dp?A  (10) 

The  last  ter  in  the  above  equation  corresponds  to 
spontaneous  emission. 

Equation  (9)  governs  the  change  of  statistical  prop¬ 
erties  of  the  photon  system  in  the  single-photon 
absorption  process.  In  particular,  at  zero  temperature, 
if  initially  the  photon  system  is  in  a  coherent  state,1 


*  C-  P.  Slichter,  Principles  of  Magnetic  Resonance  (Harper  anil 
Row  Publishers  Inc.,  New  York,  1963),  p.  127. 

*  F.  Bloch,  Phys.  Rev.  102,  104  (1950), 

’See,  for  example,  I,.  I.  Shill,  Quantum  Mechanics  (Mctiraw- 
Kill  Book  Company,  Inc.,  New  York,  1955),  p.  189. 


PrOt)  =  !«*}{“*  | ,  then  it  is  easily  shown  that 

pr(/0-fA()={£ 

»* 

Xexp( — i  |«*|  2)|  «*>}  £  <m*| 

Xexp(-J|a*|7)}  — ►  |atexp(-/3A/) 

A/-0 

X(a*  exp(— j9A/)|  ; 

pr(l<t+l)  =  |«*  exp(— /9()){a*  cxp(-0/)| .  (11) 

This  shows  that  a  coherent  photon  system  remains 
coherent  although  the  field  amplitude  decreases  ex¬ 
ponentially  with  time.  More  generally,  if  the  initial 
photon  field  can  be  described  by  the  P  representation,1 

PfOii)^  J  diukP(at)\ak)(ak\  , 

one  would  get 

PrOo+l )  =  J  d*akP  (a  k)  |  a*  exp(-|0/)) 

Xfalexp(— j9/)l  .  (12) 

The  statistical  properties  o<  .he  fields  are  being  changed 
in  a  rather  trivial  way,  since  it  is  simply  a  translation 
of  the  distribution  P(ak)  in  the  ak  space. 

No  such  simple  solution  exists  if  the  equilibrium  tem¬ 
perature  of  the  atomic  system  is  finite,  since  the  spon¬ 
taneous  emission  now  comes  into  play.  Consequently, 
the  coherent  properties  of  a  beam  will  be  disturbed  in 
passing  through  the  absorbing  medium.  The  disturb¬ 
ance  is,  of  course,  small  if  the  spontaneous  emission 
process  can  be  neglected  in  comparison  with  either  the 
stimulated  absorption  or  emission.  This  is  certainly 
true  for  light  beams  in  a  medium  at  room  temperature. 

The  same  approach  can  be  applied  to  the  case  of 
multiphoton  transitions.  Again,  since  the  photon  dis¬ 
tribution  can  be  disturbed  by  the  transitions,  statistical 
properties  of  the  photon  system  are  changed.  The  case 
of  two-photon  transitions,  which  includes  Raman 
transitions,  will  be  discussed  in  Sec.  II.  In  general, 
even  if  the  medium  is  not  lossy,  statistical  properties 
of  light  arc  changed  by  nonlinear  interaction  of  light 
with  a  medium,  although  the  disturbance  might  be 
small  for  weak  interaction.  The  nonlinear  interaction 
couples  different  photon  modes  and  leads  to  energy 
transfer  between  the  modes.  Photons  in  some  modes 
may  be  annihilated,  while  those  in  other  modes  created, 
and  hence  the  photon  distribution  is  disturbed.  Often¬ 
times  the  rate  of  energy  transfer  between  the  modes 
depends  on  the  statistical  properties  of  the  light  fields, 
usually  higher  for  chaotic  than  for  coherent  sources. 

For  investigation  of  properties  of  a  medium,  in¬ 
coherent  scattering  has  long  been  a  useful  tool.  Statistics 
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is  particularly  important  in  this  case  for  analyzing  the 
results  of  experiments.  In  Sec  III,  linear  and  nonlinear 
incoherent  scattering  are  discussed.  As  is  expected,  the 
scattered  radiation  depends  on  the  statistical  nature 
of  both  the  incident  beam  and  the  fluctuations  in  the 
medium.  For  nonlinear  optics,  one  is  perhaps  more 
interested  in  coherent  scattering.  We  shall  discuss  in 
Secs.  IV  end  V  two  important  cases,  sum-frequency 
generation  and  parametric  amplification,  respectively. 
In  all  cases,  there  are  one  or  more  pump  fields  present. 
We  shall  not  concern  ourselves  too  much  about  how  the 
statistical  properties  of  the  pump  modes  change. 
Instead,  we  are  interested  in  finding  the  statistical  prop¬ 
erties  of  the  generated  modes,  and  the  rate  of  genera¬ 
tion  as  a  function  of  the  statistical  nature  of  the  pump 
modes.  Conversely,  fr  m  the  statistical  properties  of  the 
generated  modes  or  the  rate  of  generation,  one  could 
obtain  some  information  about  the  statistical  nature 
of  the  pump  modes. 

It  must  be  noted  that  in  our  discussion  of  single- 
photon  absorption,  we  have  assumed  a  bounded  system 
for  the  photon  fields.  This  Upe  of  treatment  is  most 
conveniently  applied  to  the  case  of  a  cavity;  photons 
are  neither  coming  into  nor  going  out  of  the  cavity.  In 
principle,  the  same  treatment  can  be  applied  to  prob¬ 
lems  of  light  propagation  in  a  medium.  In  practice,  it 
is  indeed  successful  in  dealing  with  incoherent  scattering 
(see  See.  Ill),  but  for  coherent  scattering,  it  becomes 
extremely  difficult.  Rigorously,  the  latter  case  should 
perhaps  be  treated  by  the  method  of  many-body  trans¬ 
port  theory.8  However,  imagine  an  infinite  medium  and 
a  box  of  finite  volume  in  which  the  photon  fields  are 
quantized.*  This  box  of  photons  interacts  with  the 
medium  for  a  time  I,  as  its  center  modes  in  the  s  direc¬ 
tion  from  zi  to  Zi  +cl,  where  c  is  the  light  velocity  in  the 
medium.  The  resultant  change  of  statistical  properties 
of  fields  in  the  box  can  now  be  calculated  usin  the 
cavity  treatment.  A  more  general  treatment  ot  the 
propagation  problems  is  given  in  the  Appendix.  For 
steady-state  propagation,  it  is  shown  that  the  results  are 
essentially  the  same  as  in  the  cavity  case  with  t  replaced 
by  — z/c,  as  one  would  expect. 

II.  TWO-PHOTON  ABSORPTION  AND 
RAMAN  TRANSITIONS 

The  calculation  for  two-photon  absorption,  is  essen¬ 
tially  similar  to  that  for  single-photon  absorption,  except 
that  the  mathematics  becomes  more  complicated.  Here, 
an  atom  makes  transition  from  the  state  |yh)  to  the 
state  |^i)  by  absorbing  one  photon  in  the  kth  mode  ana 
another  in  the  2th  mode.  The  interaction  Hamiltonian  is 

3Ctnt=L  { ijcii,ciiEit",(r,)Ei(-,(r.)+ad joint) ,  (13) 


•Sec,  for  example,  I).  Ter  Haar,  Kept.  I’rngr,  I’liys.  21,  304 
(1961) 

•The  length  of  ihelxrx  can  be  laken  as  lhe  product  of  the  light 
'•clocily  and  the  response  time  of  the  photon  detector. 


where  ij  is  the  matrix  element  for  the  two-photon 
transitions.10  "  Using  the  same  procedure  as  in  the  case 
of  single-photon  absorption,  one  can  find  that  the 
density  matrix  pr  for  the  photon  system  obeys  the 
equation 

dpe/dl=  -  d(,)[(a*W<Jia(/>f-  2aia(p>a>,ait 

(ataiaja^pr—  2a*tai,pra*aj 

+  Pz<J*<Jl<J*t<J|,)p2a0] ,  (14) 

with 

0w,=£2rW>i|  ij!  2g(u>«+a>i)] J  d*r 

X.V(r)|u*(r)|‘|u,(r)|‘. 

The  above  equation  governs  the  change  of  statistical 
properties  of  the  photon  system  in  the  two-photon 
absorption  process.  The  solution  of  Eq.  (14)  is  difficult. 
However,  it  is  clear  that  if  the  absorption  is  large, 
the  statistical  properties  of  the  fields  will  be  appreciably 
disturbed.  A  coherent  beam  will  no  longer  be  coherent 
after  interacting  with  the  medium. 

From  Eq.  (14),  we  obtain 

t)(fl*)/d/=-/S“)(pM0-p:.10)(fl4<j,ta.) 

+0l,)Pia°(a*> ,  (15a) 

d(ok*ok)/dt=d(a,%)/dt, 

—  —  2/3(!)(pIy(0— p2yi°)(ai,at<2,tal) 

+ 2/3(I)pj  A°((at,at+flitar|- 1 )) .  (15b) 

In  Eq.  (15)  the  last  term,  which  is  proportional  to  the 
population  pi  a0  in  the  excited  state,  arises  because  af 
and  a  do  not  commute.  It  can  be  regarded  as  the 
spontaneous  emission  term  in  the  two-photon  absorption 
process.  Assume  that  the  two  photon  modes  arc  in¬ 
dependent  initially.  Then,  as  long  as  the  photon  dis¬ 
tribution  is  not  appreciably  disturbed  by  the  absorp¬ 
tion,  we  can  write 

(a*,fl»aitai)=(<i*,<it)(<Jit«i)  =  («t)(»i  i) . 

The  average  rate  of  two-photon  absorption  depends 
on  the  average  numbers  of  photons  in  the  kth  and  the 
/th  modes.  However,  if  k  =  l,  one  would  find 

d(ot)/dl=  -  20i})G>M°— plyl°)(<iiWi) 

diajat)/  =  —  4j3(!,(p,.t°— pj^OiWeta*) 

+40ll>p14°(2(a*<a*)+l).  (16) 

Here  the  absorption  rate  with  p^0— 0  is  twice  as  much 
as  that  of  Eq.  (15b)  with  k  —  /,  since  two  photons  in  the 
same  mode  are  being  absorbed  simultaneously.  With  the 
spontaneous-emission  term  being  neglected,  the  average 
absorption  rate  is  now  proportional  to  the  second-order 
correlation  function  {ak'a^ak<ik),  and  therefore  depends 


"  M.  Goppcrt-Maycr,  Ann.  I’hysik  9,  273  (1931). 

"  I'.  Lambropoulos,  C.  Kikuchi,  and  K.  K.  Oslmrn,  I’hxs.  Kcv. 
144,  10S1  (1966). 
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on  the  statistical  nature  of  the  fields.1 1  It  is  two  times 
higher  for  chaotic  than  for  coherent  sources,  since1 

{aVaa)ohBotio  =  2({a,a))2 , 

^a,a,fla)lKJt1«rcnt=  ((Yfl))2.  (1  /  ) 

l’hysically,  a  chaotic  source  has  more  irregularities  in 
its  intensity  distribution  than  a  coherent  source.  In  a 
nonlinear  response  proportional  to  higher-order  cor¬ 
relation  functions  of  a*  and  a,  the  peaks  in  the  irregulari¬ 
ties  arc  weighted  more  strongly  than  the  valleys.  Con¬ 
sequently,  the  average  nonlinear  response  from  a  source 
of  more  irregularities  appears  to  be  greater.  It  must 
be  noted  that  if  the  absorption  is  appreciable,  then 
(a*fa*ai,a()(/)  in  Eq.  (15)  also  depends  on  higher-order 
correlation  functions  of  the  initial  field,  as  is  seen  by 
iter.i  ion  on  Eq.  (15).  A  similar  discussion  can  be  given 
to  the  case  where  the  fields  contain  many  modes. 

Assume  that  at  each  frequence-  there  is  a  set  of  spatial 
modes,  and  for  simplicity  the  fields  consist  of  only  two 
frequencies,  uk  and  wj.  The  electric  field  at  the  pusitiun 
r  is  now  given  by 

E(r)  =  Et(r)+E«(r), 

(18) 

E*'*>(r)=  E*‘->(r)t=i(2»A«*)*«  j:  u^r)^. 

A 

By  carrying  out  similar  calculations  as  in  the  single- 
mode  case,  one  would  find  at  zero  temperature 

«**» ’«*»/■■'«)/  =  2y 'J  d*r 

XAW(Et<+'£t‘+>y-;,‘-'EV->), 
y=[NJ&’(wi+«i)/ 2/<J],  (iy) 


The  discussion  on  two-photon  absorptions  can  be 
applied  with  slight  modification  to  Raman  transitions 
between  localized  states,  litre,  instead  of  two  photons 
being  absorbed  in  a  transition,  one  photon  is  now 
emitted,  while  the  other  is  absorbed.  Thus,  for  Raman 
transitions,  the  interaction  Hamiltonian  in  Eq.  (1.5) 
should  be  changed  into  the  form 

3Ci,lt=  £  {ij/*fj,tCi,Ei(-,(r1)E,(n(ri)+adjoint).  (21) 

I 

In  the  single-mode  case,  the  density  matrix  for  the 
photon  system  becomes 

Opr/dt=  —  d«[(oi,u,(Ua,,p/.--2aiat,pfUttir,. 

+P;aita,fltfl/)pu0+  (flca.’at’o.pA-—  2oi1u,pfUiU,t 

+Pf<k<;,,tUt'j,)pi.>40J ,  (22) 

where  /3/(  has  the  same  form  as  in  Eq.  (14).  From  the 
above  equation,  we  find  the  average  rate  of  Stokes 
photon  generation  or  the  pump  photon  absorption12; 

d(dM,)/dt=  —  d(di*dt)/dt 

-  Wn(p\An—  PtA0)(dJdtaSu,) 

+  2/S*[(attut)p14a—  (d/d.jp-jA'O  ■  (2d) 

n'he  first  term  in  Eq.  (23)  corresponds  to  stimulated 
Stokes  emission,  whereas  the  last  term  corresponds  to 
spontaneous  emission.  The  latter  appears  as  a  noise 
source  and  is  responsible  for  the  self-generation  of  the 
Stokes  field.  If  the  pump  field  is  of  high  intensity  and  is 
not  depleted  appreciably  in  the  Stokes  generation,  we 
can  treat  a i  and  «**  as  c  numbers  in  the  approximation 
and  pr(t)  =  pk(0)p.(l),  where  pt  and  p,  are  the  density 
matrices  for  the  pump  and  the  Stokes  fields,  respec¬ 
tively.  From  Eq.  (22),  wc  get 


assuming,  for  simplicity,  that  all  fields  are  polarized  in 
the  same  direction.  If  «*  — ui,  Eq.  (19)  becomes 

d(  51  dk^dkf)  Ot  =  —iy  J  tl*r 

X-Y(r)(/•l^)Eft<2>Et<->2'.V-,).  (20) 

Using  Glauber’s  P  representation  and  the  quasiprob¬ 
ability  distribution  for  the  field  amplitude  £>*,'  wc  can 
write  for  /=() 


<3Tr,[p,(/)a/a,]/d/ 

—  2d/.[(pi.l°—  PiA^dpUk  —  Pi.,0] 

X  I  ^.(J>,(/)a,,«,3+2/2ft<^i,<i^pu,,.  (24) 

The  solution  of  the  above  equation  gives 

(a.ta.)(0  =  Trpl(O)([Tr,(p,((l)<i,*u.)+,l//j] 

X exp[B(a»t,at)/] — .1  / It) , 

B(at\ak)  =  [(piAn- ptu'MuiIa/i— p:Mn]2£fx,  (25) 

•4  (ap,ak)  =  2/3fta*,0ipi.4°. 


=  y</25*llX5*)|5c(«,r)!'.  (20a) 

Then,  if  A’ (r)= constant,  and  ir(6'*)>0,  one  would 
have  a  higher  initial  absorption  rate  in  the  multimode 
case  than  in  the  single-mode  case  since 


/•  p  “  *2 

</V 1 («/)!',  r>  J  i/Jr|  cu(«,r)|  vi 


By  expanding  exp (Bl)  into  power  series,  it  is  seen  that 
(d/a,)(t)  is  a  function  of  the  «th  order  correlation 
functions  of  a*’  and  a*.  Therefore,  the  Stokes  generation 
must  depend  strongly  on  the  statistical  properties  of 
the  pump  field.  In  particular,  for  a  coherent  pump  field 
we  have,  assuming  p:.i"«(j>u"-P5.i")ai,«/t, 

<«i.f«.)(0  =  [(a.,(O)a.(O))+(l-p..,o/pu#)] 

X  cxp[2d«(pi,i"-  P:  .i ")  (</ 1 '  m)f  ( l — P  -  s  "/p  i.i " ) , 

17  K.  VV.  Ik-llwarlii,  I’ln.v  K.  v.  MO,  1X52  (IVf>.ti. 
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but  for  a  chaotic  pump  field,  since 
we  have 

(«.t«.)(/)=([(rt.t(0)o.(0»+(l-pMVpM°)]/ 

[1  —  20„(pi.4O-p2/)<a,t,<jt)/]}  —  (1—  pmVpm")- 

Clearly,  the  average  Stokes  generation  by  chaotic  pumps 
is  much  more  effective  than  that  by  coherent  pumps. 

The  multimode  case  in  Raman  transitions  is  some¬ 
what  complicated.  For  simplicity,  we  assume  a  uniform 
medium  which  fills  up  the  entire  volume  of  quantiza¬ 
tion.  Assume  also  a  set  of  spatial  modes  associated  with 
each  frequency,  or  a  band  of  frequencies  with  a  band¬ 
width  much  smaller  than  the  Raman  linewidth.  Then, 
if  the  pump  field  is  not  highly  depleted,  we  can 
show,  for  pj.4°=0, 

0  Tr, Q>,(/)  K,  <+>/i, <-!  ],  i )l 

-27„{/:*'+>/'*'-)[Tr,(p,(0/-:.(+,/f.<->) 

+(W2)S  K!2j).  (26) 

X 

7k  —  [t.Vu’,1  i/I  2g(wi -«.)//*] , 

assuming  all  fields  to  be  polarized  in  the  same  direction. 
In  deriving  Eq.  (26),  we  have  used  the  approximation 

Z  H*n*(r}«jx(r)=5(r— r') , 

x 

where  the  summation  is  over  modes  at  the  frequency  ut. 
This  approximation  is  equivalent  to  relaxation  of  the 
momentum  matching  condition  in  the  Raman  transi¬ 
tions.13  The  solution  of  Eq.  (26)  gives 

(£.<+)E,<->)(r,0  =  [{/■.<+>£.<->)(r,0)+5(r)] 

X (exp(2y :£j.<~)/))— S(r) ,  (27) 

-V(0  2)Z  lM»xW|*- 

X 

If  the  quantity  ir  the  square  brackets  >s  independent  of 
r,  then  (£,<+)/v,<_))(/)  can  be  regarded  as  the  average 
Stokes  intensity  in  the  volume.  Since  the  magnitude  of 
(exp(2 7k/u-(+,£*(-)/))  is  usually  larger  for  multimodes 
than  for  a  single  mode,  the  average  Stokes  intensity 
should  be  higher  for  the  multimode  case.  In  the  quasi¬ 
probability  distribution,  we  have 

(exp(27s£*(+)£* '->/))  =  J dW(Sk)  exp(2>«!&|5/). 

For  stationary  fields  with  large  numbers  of  modes,1 

If  (A) = cxp[- 1 A  |  s/</?*'+,/-:i‘-))]/ir 

X(£x<+’/u‘->>.  (28) 


•*  N  ItliHwIicrKCii  anil  V.  K.  Sinn,  Pins.  Kcv  l.cllcrs  I.t,  720 
(IW) 


Such  a  distribution  gives 

f  d*8tW(Sk)  |  &  |  -•>=»»  !<&<« /*<->)■ . 

Therefore,  we  would  get 

</•:„<+>/•;.<->>(/) = [<£e<+>£.<-))(0)+ sy 

X[l-2yR(£*<»£1<->)/]-S.  (29) 

Equation  (28)  also  leads  to  the  conclusion  that  the 
probability  of  having  at  least  (1/A?)  part  of  the  en¬ 
sembles  with  a  gain  coefficient  2>s 1 5* |*  larger  than  the 
average  gain  2yR(£t(+)£y-))  by  a  factor  In  A7  is  \  — 

=  0.63,  where  N  is  the  number  of  modes.13  However,  if 
the  fields  are  nonstationary  or  there  is  phase  correla¬ 
tion  between  modes,  the  factor  lmV  would  be  replaced 
by  a  much  larger  value,  of  the  order  of  N  for  full  phase 
correlation. 

The  statistical  properties  of  the  Stokes  output  in  the 
Raman  transitions  are  difficult  to  describe  quantita¬ 
tively.  Qualitatively,  they  depend  strongly  on  the 
initial  statistical  nature  of  both  the  pump  and  the 
Stokes  field.  If  the  pump  is  coherent  and  not  appreciably 
disturbed,  then  the  statistical  properties  of  the  Stokes 
output  would  be  the  same  as  those  of  a  quantum 
oscillator.14  In  particular,  if  initially  there  is  no  Stokes 
input,  the  medium  would  appear  as  a  Stokes  noise 
generator. 

III.  INCOHERENT  LINEAR  AND  NONLINEAR 

SCATTERING 

Rayleigh  and  Briliouin  scattering  are  often  regarded 
as  linear  scattering  processes.  Nevertheless,  they  belong 
to  the  class  of  nonlinear  optics  in  the  sense  that  ex- 
citational  waves  in  the  medium  actually  play  the 
equivalent  role  of  light  waves.  Incohcren.  Rayleigh  and 
Briliouin  scattering  are  most  frequently  discussed  in 
the  classical  language.16  The  transformation  from 
classical  to  quantum  terms  is,  however,  straightforward. 

Consider  scattering  due  to  density  fluctuations  in 
a  dilute  medium.  The  total  Hamiltonian  is 

3C=3Co+3Cin,, 

where  3Co,  given  by  Eq.  (4),  includes  the  coherent  in¬ 
teraction  of  light  with  the  medium,  and  3Cjn,  describes 
solely  the  incoherent  part  of  the  interaction.  In  first 
order,  with  the  trace  taken  over  the  atomic  system, 
3Cj„t  can  be  written  as 

3Ci„,=  -V  [E* <+,(r.) ■  p •  E1„(->(ri> 

t.k 

+  E,(<+>(r.)  p  E1<-1(r.)],  (.10) 


"  J.  I’.  Gordon,  I,  K.  Walker,  and  W.  II.  I.rmisoll,  Plus.  kcv. 
17.0.  KOT>  (I'JW). 

Sec,  for  example,  I..  I).  I.andau  and  K.  M.  I.ifdiil/,  IJn 
/rih/vw.iwiri  or  t  'oH/iim.n/i  .1/ rthi  1 I  Yrrr.iniiin  Press  1  nr  New 
York,  I'WiO),  p  .07. 
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where  p  is  the  atomic  polarizability  in  the  electric- 
dipole  approximation,  is  the  pump  mode,  and  k  is 
the  mode  of  the  scattered  radiation.  By  assuming 
running  modes  with 

u*=!*(l  /LUk)m  exp(ikr) , 

Eq.  (30)  takes  the  form 

£ou0)oit(i)ft*+Oi^0)at(l)jt2>  (31) 

k 

where  in  the  Heisenberg  representation 

/*-  -I  (2»Awt>'WW-*)fc-P*-&. 

i 

Xexp[»(k-k»)-r.], 

the  equation  of  motion  is 

dak(t)/dt — i<jtkak  (/)  —  (»'//*)/* *ak,(t) .  (32) 

If  the  pump  field  is  of  high  intensity,  and  is  not  dis¬ 
turbed  appreciably  by  the  incoherent  scattering,  we 
can  treat  a*  and  as  c  numbers.  This  is  actually 
equivalent  to  treating  the  pump  field  in  the  classical 
limit.  Then,  Eq.  (32)  can  be  solved  readily.  In  fact,  the 
problem  reduces  to  the  one  of  radiation  by  a  prescribed 
current  distribution  discussed  by  Glauber.*  The  solu¬ 
tion  of  Eq.  (32)  leads  to  the  expression  of  an  electric 
field  at  a  point  r  for  the  scattered  radiation, 

E.,(_)(r,/)  =  -  (l/c)dA(->(r, /)/'$/ 

-QK 3W0 

XM  exp[/k— /')] 

-{-complex  conjugate  . 

The  integrat:'"i  in  the  above  equation  can  be  carried 
out  explicitly.18  At  a  point  r  sufficiently  far  from  the 
scattering  region,  the  electric  field  is  approximately 
given  ty 

E.«(_,(r.O  =  cxp(ik0-  r) 

X  j  rfV.Y(rV)  exp{7(k0—  k)  ■  r'] ,  (33) 

F(r,/)= (k  x  iplk,)  x  (k/|  r—  R  |  )(2*-Aco0/«*/-*)I/a 

Xexp(ik-r— *W), 

where  V  is  the  volume  of  interaction  and  R  is  the  center 
of  V.  The  calculation  now  follows  essentially  the  same 
as  the  classical  treatment.18  Clearly,  if  the  scattering 
medium  is  uniform  and  stationary,  so  that  the  density 

14  K.  I'Vritii,  Krv  Mi*!  Plivs  4,  H7  (T  *M, 


of  atoms  A‘(r,/)  is  constant,  the  integral  fy  d*r  in 
Eq.  (33)  would  vanish  if  k0Xk,  and,  consequently, 
there  is  no  scattering  in  the  direction  kx  ko.  Thus,  in¬ 
coherent  scattering  appears  as  a  result  of  density 
fluctuations.  If  we  consider  only  one  Fourier  component 
of  the  total  density  fluctuations, 

A7(r ,/)  =  A7«  exp(iq  •  r-  iw,/) , 

then  we  obtain  from  Eq.  (33)  the  first-order  cor;  it  ion 
function 

<E,c<+>(r,/,)'  E10(->(r ,.',))=  |/'(r)|J8ir3l'(<Jio,<ri()) 

X(.\,(/i).Y,(/j)*)A(k„— k±q) 

Xexp[-f(w#±«,)(/i— /*)] 
A(£o — k  zkij)  — ♦  5(ko — krfcqf .  (34) 

For  A'(r,/)  =  constant,  the  scattered  radiation  in  the 
direction  kxk0+k0'  vanishes.  The  Fourier  transform  of 
(Etc(+)(r,/i)Ei0(_)(r,;2))  gives  the  power  spectral  density 
of  the  scattered  radiation.  Higher-order  correlation 
functions  can  also  be  obtained  from  Eq.  (33),  and, 
hence  the  statistical  properties  of  the  scattered  radiation 
can  be  described  completely. 

It  is,  however,  interesting  to  note  that  for  this  case, 
an  explicit  expression  of  the  density  matrix  foi  the 
scattered  radiation  can  be  written  down  immediately, 
following  Glauber’s  treatment  for  the  radiation  by  a 
prescribed  current  distribution.1  If  we  assume  P  repre¬ 
sentation  for  both  the  pump  field  and  the  density 
fluctuations,  such  that 

(Mm(ak,)')  =  J  d*<*ktP(akt)(ak*)m(atk)H, 

(35) 

<(v,)-(A%*)-)= f  <P*tPW')m  (*,*)-, 

then  we  find  for  the  scattered  radiation 

Pk(l)~  J d^tr^P kt(pkt)P j(<r«)  |a*(0)(a*(0 1  » 
with 

at(l)-(i/h)  J  dt  3(ak>,orq) ,  (36) 

where 

s(ak„« *)  =  -  (2rttui,'"lUk 1  'V €*//*)£* •  p  . 

This  shows  that  statistical  properties  of  the  scattered 
radiation  are  determined  by  those  of  incident  radiation 
and  density'  fluctuations.  Thus,  measurements  of 
statistical  properties  of  the  scattered  radiation  could 
yield  information  about  the  statistical  properties  of  the 
density  fluctuations,  if  those  of  the  incident  radiation 
are  known.  The  analysis  is  particularly  simple  for 
coherent  incident  radiation. 
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Recently,  the  question  whether  intensities  of  scattered 
radiation  may  be  different  for  coherent  and  incoherent 
incident  radiation  has  arisen.17  It  is  clear  from  Eq.  (34) 
that  with  our  assumptions  for  linear  incoherent  scatter¬ 
ing,  the  average  scattering  intensity  is  directly  propor¬ 
tional  to  the  average  number  of  photons  in  the  pump 
modes,  and  is  independent  of  the  coherent  property  of 
the  pump  field. 

The  above  calculation  can  be  extended  to  the  case  of 
incoherent  nonlinear  scattering,  which  has  recently  been 
investigated  by  Terhune  el  at1*  We  shall  aga:n  consider 
only  nonlinear  scattering  due  to  density  fluctuations, 
in  which  two  photons  in  the  pump  modes  k0  and  ka' 
are  scattered  into  a  single  photon  in  the  scattered  mode 
k.  The  corresponding  interaction  Hamiltonian  can  be 
written  .as 

3C;„--L[E»<+>(r<) 

i.k 

■  Pc,) :  Ei0(“>(r,)  Ej„. ^r, )4-ad  joint  j ,  (37) 

where  p<s>  is  the  second-order  nonlinear  polarizability.1* 
Following  the  same  procedure  as  in  the  linear  case,  one 
would  find  for  the  scattered  radiation 

E.c'-’M  =  <7,(1,7,0.F(r)/)[cxpi'(ko+ko')  ■  R] 

X  j  (/V.V(rV)  exp[i(k»-f  ko'— k)  r] 


find  the  density  matrix  for  the  scattered  radiation 

i/’otj,  j  d2aia'  J  dlatPi  0(or*0)  /'*■„"  (<*i  „■ ) 

XR4(<r,)|a.(/))(«A(0i  , 

"*(/)  =  -  f  ft  £f(«io,»*»',o-«) ,  (40) 

h  Jo 

ff(o<«.niii',<r<i)=  —  (87r3A’a)l0ti)j4.a!*/{j#(i0.f/t/.9),''! 

X^p(ll:ej0(5j„aJoolo.(r,. 

From  Eq.  (39)  u  is  seen  that  the  scattering  in¬ 
tensity,  (|E„„t+>(r,/)|5),  for  is  proportional  to 
(e*0fa*0(a*o  t-,*1)')>  but  for  k=l,  >t  is  proportional  to 
which  from  Eq.  (17)  is  two  times  larger 
for  chaotic  than  for  coherent  fields. 

In  the  actual  experiments,  the  incident  radiation  may 
contain  many  modes.  However,  as  long  as  tne  diverg¬ 
ence  and  the  linewidth  of  the  incident  radiation  are 
small  compared  with  the  acceptance  angle  of  the 
photodetector  and  the  linewidth  of  the  scattered  radia¬ 
tion,  conservation  of  energy  and  momentum  as  ex¬ 
pressed  in  Eq.  (39)  can  be  relaxed.  We  therefore  have 
for  the  multimode  case, 

(|  E„<*(r,/)  |  *>S  |  F(r)  |  ‘(.Wi'/AW) 

X  (£*0(+>£*„d+b  V-’/V-’X*  ,0 

X  (A7,A7e*)A(ko+k0'—  k±q) ,  (41) 

where 

£io(-,(R)  =  L  (2t/(uo ftkj-3) lliakn  exp(rk0»  •  R-ioW) . 


/  tlltfi! o' \  1/8 

Xf - )  exp[ik-r— f(w0+W)O.  (38) 

If  only  one  Fourier  component  of  the  density  fluctua¬ 
tions  is  taken  into  account,  the  first-order  correlation 
function  of  the  scattered  radiation  is 

<E,c(+)(r,/i)  •  E..<->(r,/0H  I  Hr)  I 

X(at»to*,'ttf‘.tf‘o’)(^«Ar«*)^(ko+k0'-kdbq) 

Xexp[— f(a)o+a>o'3ba),)(/i— /s)3,  (39) 

where  F(r)  is  given  in  Eq.  (38).  Assuming  Eq.  (35)  for 
both  the  pump  modes  and  the  density  fluctuations,  we 


1TT.  V.  George,  L.  Goldstein,  I,.  Slama,  ami  M.  Yokoyama, 
Phys.  Rev.  137,  A369  (1965);  R.  D.  Watson  and  M,  K.  Clark, 
Phys.  Rev.  Letters  It,  1057  (1965);  R.  C.  C.  I.eite,  R.  S.  Moore, 
S.  P.  S.  Porto,  and  J.  li.  Ripper,  ibid.  M,  7  (1965);  D.  H.  Wooil- 
ward,  Apia!.  Opt.  2,  1205  (1963). 

■*  R.  \Y,  Terhune,  P.  I),  Maker,  and  C.  M.  Savage,  Phys.  Rev. 
Letters  11,681  (I9t>5);  P.  D.  Maker, in  I’rortrtiings  nfllie Cvtijerrnrt 
im  I'hvsirs  ai  {humlum  IJrilmtin,  Puerto  Kim,  /Vrt.t,  edited  hy 
P.  L.  Kelley,  li.  Lax,  mid  P.  K.  Tnnnrnwntd  (McGrow  Hill  Hook 
Comimnv,  Inc.  New  York,  PWrfi),  p,  Mt. 

** j .  A.  ‘irmslrnng,  N.  ItlmnilHTgin,  J.  Duelling,  and  I*. 
Peruian,  Phys.  Rev.  127,  1918  (1962). 


and  R  is  the  center  of  the  volume  l\  Then,  if 
from  Eqs.  (20a)  and  (28)  we  find  for  stationary'  fields,  if 
the  number  of  modes  is  large,  (£*, (+ 1  £ i0(+)  £*„ !-)£*0<-) ) 
=  2 (£*„<+>£*,  <->)*.  This  shows  th;  t  the  scattering  in¬ 
tensity  in  the  multimode  case  is  two  limes  higher  than 
in  the  single-mode  case.  The  second-order  incoherent 
nonlinear  scattering  is  closely  related  to  the  second- 
order  coherent  scattering,  which  gives  rise  to  sum- 
frequency  and  second  harmonic  generation,  as  we  shall 
now  discuss. 

IV.  SUM-FREQUENCY  AND  SECOND 
HARMONIC  GENERATION 

The  coherent  sum-frequency  generation  can  be 
described  by  the  same  interaction  Hamiltonian  in 
Eq.  (37)  for  incoherent  nonlinear  scattering.  It  was 
shown  in  Sec.  Ill  that  if  there  arc  no  fluctuations  ir 
the  medium,  scattered  radiation  can  only  appear  in  the 
direction  where  the  wave  vectors  of  incident  and 
scattered  radiation  arc  matched.  This  corrcsimmls  to 
coherent  scattering.  Thus,  coherent  sum  frequency 
generation  described  by  the  llutnillotiian  of  Eq.  (47) 
appears  in  the  direction  k0-\-k„’—  2k  0. 
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The  calculation  follows  essentially  the  same  pattern 
as  for  the  case  of  incoherent  nonlinear  scattering.  Again, 
in  the  Heisenberg  representation,  the  equation  of 
motion  is 

dak/dt=  —  tu> *a*(f)  —  (»',/ ft)  fia^ifidks ( l ) , 

/*=  -AT(8ir‘/IW  fW  ''W'/tktvtklS) 1/2 

XfrP(I,:M*,'.  (42) 

Here,  we  have  assumed  a  uniform  medium  in  a  volume 
V.  For  intense  pump  fields,  which  have  not  yet  been 
depleted  appreciably  by  the  sum-frequency  generation, 
and  can  be  treated  as  constant  c  numbers.  Then, 
Eq.  (42)  yields 

ak(t)  =  [>*(<>)  -  (i/h  )/*a*0a*0-G  exp(-  i2u>00 .  (43) 

From  Eqs.  (42)  and  (43),  we  find  the  average  rate  of 
sum-frequency  generation; 

d(flfak)(t)/dl 

=  (<'/^)C/**(0*ototo'+^t)(0)_/t(a*,a*ljato'>(0)] 
-j-(at4//7*)[/4*\lo*0ta*0dat)(0)-f/*(<utatoat-0)(0)] 

+  (2 1 M  */*/**)<«*. VWO(0) .  (44) 

which  can  readily  be  integrated.  Equation  (44)  shows 
that  for  ko=ko',  corresponding  to  second-harmonic 
generation,  the  average  rate  oi  generation  depends  on 
the  initial  statistical  properties  of  the  pump  and  the 
second-harmonic  fields.  In  particular,  if  (a»(0))  =  0,  this 
rate  is  proportional  to  the  second-order  correlation 
function  (a*,ta*,,«*,«*,>(0),  and  is  therefore  two  times 
higher  for  a  chaotic  than  for  a  coherent  pump  field. 

Corresponding  to  the  Hamiltonian  of  Eq.  (37)  with 
Ok,  and  «*,>  treated  as  c.  numbers,  the  density  matrix 
for  the  sum-frequency  field  is 

Pk(i)  -  J rfWW^*o(«0*V(«*o') 

XZ)(a*)p*(0)Z>-*(a*) , 

D(a*)=exp[alat,-«**a*]I  (45) 

i 

«*=-  I  dl  /iO(0«i0' , 

hj» 

where  /*  is  given  in  Eq.  (42)  and  V  representation  is 
assumed  for  the  pump  fields, 


Ph~  ]  rfJrti0Pto(rtK)j'»t0}(ttt0|  , 


</!«io'/\o'(«/ki>') |a*o')(«ro’ I  • 


becomes 

P»  (/)  —  j  dhttfPaHtP&i  P  i0(oik0)P  to’(o*o’)Ft(/3i) 

Xi«t+ft>(«*+ft|,  (46a) 

which,  in  the  case  of  aceond-harmonic  generation, 
reduces  to 

/>,(/)  =  j  rfW5ft/Va*0)/\(&) 

X\at+pt)(at+pk\  ,  (46b) 

with  ak=(i/ft)  ./V  dl  The  above  expressions 

lead  to  the  following  results.  (1)  For  coherent  pump 
fields,  if  |0i)=  jO),  the  generated  sum-frequency  field 
is  also  coherent;  but  if  1/3*)=^  |0),  the  sum-frequency 
output  has  the  same  distribution  function  Pk  as  the 
input  with  pk(Q  =  fd%rk(0k)\ak+pk)(ak+Pk\.  (2)  If 
|/3*)=  1 0),  the  sum-frequency  output  reflects  the 
statistics  of  the  pump  fields.  (3)  In  general,  the  sum- 
frequency  output  has  the  composite  statistical  prop¬ 
erties  of  the  pump  fields  and  the  sum-frequency  in¬ 
put.  Clearly,  measurements  of  the  statistics  of  the 
sum-frequency  or  second-harmonic  output  could  yield 
information  about  the  statistics  of  the  pump  fields. 
For  example,  if  |0*)=|O),  the  nth  order  correlation 
function  of  the  second  harmonics  is  proportional  to 
the  2»th-order  correlation  function  of  the  fundamental. 

The  discussion  can  easily  be  extended  to  the  mul¬ 
timode  case.  As  discussed  in  the  case  of  incoherent 
scattering,  if  the  energy  and  momentum  matching 
condition  is  relaxed,  Eq.  (44)  gives 

d(E*<+)Ei<-))(r,/)/rf<=(t/fl)[gi*(£tt(+)Ev(+'/4,<-))(r,0) 

-  **<£»<+*£*,<->£*,.  <_,)(r,0)]+  («*</*) 

X  [***(£*,  (+>£*0.<+>£*<->>(  r,0) 

r,0)]+(2|g*|V/Al) 

X<E*0(+>£^>£*/->Ev<-,>(r,0) ,  (■». ) 
g*=  —A rV(2xfiuk'i*/(k''*L»)lk-p<»:Skogko. , 

where  £*(-,(r,0  has  the  same  expression  as  in  Eq.  (41). 
Again,  for  kc=ka,  if  (Et(0)}=0,  the  average  rate  of 
second-harmonic  generation  is  usually  higher  for 
multimode  than  for  single-mode  pump  fields,  since 
(£*„<+,Ei0<+,£*t<-!Ei,<->)  has  a  larger  value  in  the 
former  case.  For  stationary  fields,  there  is  a  ratio  of  2 
in  the  rates  of  second-harmonic  generation  for  the  two 
cases. w  The  density  matrix  given  in  Eq.  (46)  can  also 
easily  be  generalised  to  multiinodes, 

'Phc  above  discussion  is  valid  as  long  as  there  is  no 
appreciable  depletion  of  pump  power  by  sum-frequency 
generation.  For  the  more  general  case,  the  mathematics 
becomes  much  more  complicated,  since  the  reaction 
of  the  sum-frequency  field  on  the  pump  fields  must  be 


If  initially,  pk(Q)  =  f<PflkPk({}k)\()k)(fik\,  ihen  Eq.  (45) 


”J.  Duelling  and  N.  ltlocndiergcn,  I’hvs.  Rev.  133,  /’  i4<J3 
(1%4). 
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taken  into  account,  The  sum-frequency  generation  now 
depends  on  higher-order  correlation  functions  of  the 
initial  pump  fields.  The  output  is  no  longer  coherent 
even  if  the  initial  pump  fields  are  coherent.  Ducuing 
and  Armstrong11  have  discussed  the  statistical  aspects 
of  second-harmonic  generation  with  high  conveision 
using  the  classical  approach.  A  corresponding  quantum- 
statistical  discussion  would  be  extremely  difficult,  if 
the  noncommutability  of  the  operators  a  and  af  is  to 
be  taken  into  account. 

V.  PARAMETRIC  AMPLIFICATION 

One  of  the  most  important  subjects  in  nonlinear 
optics  is  parametric  amplification.  It  is  not  only  because 
the  parametric  amplification  may  lead  to  tunable 
oscillators  at  light  frequencies,22  hut  because  in  a  broader 
sense,  it.  also  describes  such  important  nonlinear  proc¬ 
esses  as  stimulated  Raman  and  Brillouin  scattering  by 
elementary  excitations.23  In  the  latter  cases,  the  idler 
photon  mode  is  replaced  by  the  mode  of  elementary 
excitations.  The  calculations  remain  the  same  if  the 
elementary'  excitations  are  bosons. 

The  statistical  properties  of  a  parametric  amplifier 
have  been  discussed  in  detail  by  Gordon  cl  al.u  How¬ 
ever,  they  have  assumed  a  constant  field  strength  for 
the  pump  mode.  From  our  discussion  in  the  previous 
sections,  we  expect  that  the  statistics  of  the  pump  field 
should  influence  the  statistical  output  of  the  amplifier. 
Their  results  arc  valid  only  when  the  pump  field  is  in  a 
coherent  stats.  In  the  following,  we  shall  follow  their 
calculations,  but  take  into  account  the  statistical  prop¬ 
erties  of  the  pump  field. 

The  interaction  Hamiltonian  for  parametric  am¬ 
plification  is  also  the  same  as  in  Kq.  (37). 

3Cui--ECV+,(r<)-p«>:E.‘->(r<) 

i.k 

X  Eri_)(r,)+adjoint].  (48) 

Here,  however,  the  coherent  scattering  process  is  to 
destroy  a  photon  in  the  pump  mode  p,  and  to  create  one 
photon  in  the  signal  mode  s  and  another  in  the  idler 
mode  I,  with  <*.',=“»+“/  and  kp—  k,-)-k/.  The  Heisen¬ 
berg  equations  of  motion  are 

[la,/ dt—  -  iu,a,(l)—  kap(l)ai'  (/) , 
ila^/dt- 1  w/a/f  (/) —h*a  J  (l)a,(l) ,  (49) 

where 

,l  J.  Ducuing  ami  J.  A.  Armstrong,  in  Proceedings  of  the  Third 
Quantum  Electronics  Conference,  Paris,  1963,  edited  by  l*.  Crivet 
and  N.  Bloembtrgen,  (Columbia  University  Press,  New  York, 
1964).  p.  1643 

12  j.  A.  (iiordnminc  and  K.  C.  Miller,  Phys.  Rev.  betters  14, 
973  (1965). 

21  Y.  K.  Shen  and  N.  lll.Hvnlwrgcn,  Phys.  Rev.  143,  372  (1966). 

22  J.  P.  (inrdon,  W.  14.  l.otiisi-11,  and  I..  K,  Walker,  Phys.  Rev. 
129,  481  (1963).  See  also  Yv\  il.  I.ouisell,  Radiation  and  Koi'C  in 
Quantum  Tlairanirs  (Mctiruw  Hill  I  tool.  Company,  Inc,  New 
York,  1964). 


Jf  the  pump  field  is  of  high  intensity,  and  has  not  been 
depicted  appreciably  by  the  parametric  process,  then 
ap(;)~ap(0)  exp(-  iuj),  where  ap( 0)  and  apHfl)  can 
be  regarded  as  c  numbers.  Then  the  solution  of  Eq. 
(49)  is 

a.(0=  (3,(0)  cosh[|«|  (a.'apyllt'] 

+DWM(«Ptai.>1,2>/(0) 

Xsinh[|*|  (tf,,af),/2f|}  exp (—««,/) , 
3/(0=  (3/(0)  cosh[|/t|  (ap'ap)UiQ 

+[«-*a„/M(3ptar),,,]3.(0) 

X  sinh[  |  k  |  (ajap) 1 /20 )  exp(-  iuit) ,  (50) 

(<i.ta,)(0“Trp,(O){(fl,ta,)(0)  cosh -[1*1  (a/a;,)1'2!] 

-)-  ((ay  ai)  (0)  4- 1 ) + si  nil  2[  ]  *  1  (a  p  a  p) 1 1 2/] 

-f  tlKap(aUy):>)/U\ (flp^p)1'2- *  V<<Mr)(0)/ 

1*1  (flptflp)1,!*]|  sinh2[l*l  (up’i/p)1'2/]} ,  (51) 

with  a  similar  expression  for  (a;3a/)(0.  Equation  (51) 
shows  that  the  output  signal  in  the  parametric  amplifica¬ 
tion  depends  on  the  initial  statistical  properties  cf  the 
pump  field.  Assume  (a,a/)(0)  =  0.  Then,  for  a  coherent 
pump  field,  we  have 

(a,ta,)(0=i[(3,,as)(0)—  (a,*a,)(0)- 1] 

+J[<3.,3.)(0)+<a/,ar>(0)+l] 

Xcosh[2l*l((aptap)''2)l],  (52) 
but  for  a  chaotic  pump  field,  since 

{(,a P  ap)H)=  n\(ap1  a P)H , 

we  have 

<«.»«.)(/)“  iKa.'a.XP)  -  Wa,m~  U 

+tf<«.,O(0)+<«*W/(0)+l] 

X  £  [ir!/(2H)Q(2j*!0*',<3p,3p}i>-  (53) 

n«-0 

It  is  clear  from  the  above  expressions  that  the  signal 
output  is  much  larger  for  chaotic  than  for  coherent 
pump  fields. 

For  the  multimode  case,  if  the  energy  and  momentum 
matching  condition  can  be  relaxed,  as  discussed  in  the 
previous  sections,  the  calculations  follow  essentially 
the  same  as  in  the  single-mode  case  with  a  replaced  by 
E<_)(r,(),  and  *  in  Eq.  (49)  by 

*'=  -A'K(2*/L3)(W«.‘f)1,^.-p<2l*:«A.  (54) 

The  result  is 

(/(.<+>£.<->)(*, 0=TrPp(O){(/-:.^)F:.<-:)(r,O) 

Xcosh2[|*'l  (/*p<+>Ap<->)''2<]+  (W-WH)W>) 

XSinh2[U'l(V’/'V-'),,20},  (55) 

assuming  (/•;,<  ,/’.V“,)(r,( l)  =  0.  Again,  the  output  signal 
is  usually  larger  fur  multimode  than  for  single-mode 
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pump  fields.  For  stationary  fields  with  many  inodes, 
we  have 

<£,<+>£.<->>  (r,/j  = 

—  {£/(“,£/(+))(r,0)]+}[(/i,(+,£J('))(r,0) 

+  <£,'->£, <+')(r,0)]  £  [»' 

X<£p<+,£,<->)"(r,0).  (56) 

In  principle,  all  higher-order  orrelaticn  function!, 
of  the  signal  and  the  idler  fields  can  be  obtained  from 
Eq.  (50).  However,  to  describe  the  statistical  properties 
of  fields,  an  explicit  expression  of  the  density  matrix 
for  the  fields  is  usually  of  great  interest.  For  the  case 
of  parametric  amplification,  the  density  matrices 
pJj)-Trip,,t(l)  and  p/(0 -Tr,p,  /(()  for  the  signal  and 
the  idler  fields  can  be  obtained  through  the  use  of  the 
characteristic  functions,*4  which  arc  defined  as15 

-Y.(y,0=--Tr .j{p.X0  exp[7a,*(0)]exp[— 7*a,(0)]} 
~Tr,,f{p,(0)p/(0)  cxp[7a,r(/)] 

Xcxp[— 7*a.(0]) ,  (57) 
Xi (7,0  - Tr, ,/ { p,(0)p;(0)  exp^a/^/)] 

Xexp[-7*a, (/)]). 

Explicit  expressions  of  A',  and  A'/  can  be  found  by  sub¬ 
stituting  into  Eq.  (57)  the  expression^  of  a,{l)  and 
ai(l )  in  Eq.  (50)  and  the  known  initial  distribution  p,(0) 
and  pr(0).14  Here,  a,*  and  arc  treated  as  c  numbers. 
Then,  the  characteristic  functions  lead  to  the  density 
matrices  in  the  P  representation,” 

p,(l)  =  Ttiplj(l)=  J d2a,P,(a,,i) | a,)(a, j  , 

£.(a„/)  =  J  d'afl’riapXotp  | 

J -V(7,/)exp(a„7*-a/7)f/*7  irJj|a>),  (58) 

with  a  similar  equation  for  p/(<).  As  an  example,  con¬ 
sider  the  case  where  initially  both  the  signal  and  the 
idler  modes  are  in  the  vacuum  state. 

p.(0)=|0.)(0.|,  p,(0)=  i«,)(0,| 

From  Eqs.  (50)  and  (57),  the  charactei istic  function  A’, 
is 

- exp{ 4 1 7 1 *(cosh  J«| (ap'ap) lliQ 

+sinh![|x|  (aPap),llQ- 1)) .  (59) 


11 R.  Glauber  ir  /’.  .it  tit  Cvnjrrnirr  nti  l’hy\u\  of  {httinluw 

!■ Jecironks ,  /w>5,  nlilcd  li.v  I*.  I„  Kelley,  II.  (.an,  ami  I*.  K. 
Tannenwalil  (McGraw-Hill  liuok  ('mripany,  Inc.,  New  Yu:fe, 

|uw»,  p.  788. 


Substitution  of  A‘,(7,/)  in  Eq.  (58)  gives 

l\(a„t)  =  j  d^apl’  p(ap)(l/x(ti,)) 

Xcxp[- Jo, | (60) 

where 

(»,)(/)  ==sinh2[  |  XQplO- 

If  the  pump  field  is  coherent,  this  corresponds  to  a 
Gaussian  probability  distribution  for  a  chaotic  field 
with  an  average  number  of  photons  Thus, 

with  no  input  to  the  amplifier,  the  parametric  amplifier 
acts  as  a  noise  oscillator.  Characteristic  functions  for 
various  input  conditions  have  been  obtained  by  Gordon 
el  al.u 

More  generally,  we  should  also  consider  the  loss  in  the 
modes  due  to  absorption.  However,  in  the  first  approxi¬ 
mation,  we  can  simply  take  and  to/  in  Eq.  (49)  as 
complex  quantities.  The  mathematics  is  straightfor¬ 
ward,  and  will  not  be  reproiuced  here.  The  above 
discussion  is  valid  as  long  as  the  pump  field  is  not 
appreciably  disturbed.  The  general  calculations,  taking 
into  account  the  reaction  of  the  parametric  process  on 
the  pump  field,  becomes  extremely  complicated. 

VI.  CONCLUSION 

Nonlinear  optical  effects  often  depend  on  the  statisti¬ 
cal  properties  of  the  fields  present.  The  rate  of  nonlinear 
absorption,  emission,  and  amplification  is  higher  for 
chaotic  than  for  coherent,  and  higher  Tor  multimode 
than  for  single-mode  pump  fields.  The  statistics  of  the 
fields  generated  in  the  nonlinear  effects  is  a  partial 
function  of  the  statistics  of  the  pump  fields.  Measure¬ 
ments  of  the  statistics  of  the  output  fields  may  yield 
information  about  the  statistics  of  the  input  fields,  and 
the  statistical  properties  of  the  medium. 

APPENDIX 

Classically,  a  cavity  problem  of  coherent  scattering 
can  usually  be  converted  to  a  corresponding  steady- 
state  propagation  problem  by  simply  replacing  t  by 
—  z/c  in  the  field  amplitudes,  where  z  is  the  direction  of 
propagation.  It  is  expected  that  the  same  is  true  in 
the  quantum  treatment.  This  can  be  realized  by  using 
a  localized  momentum  operator  instead  of  the  Hamil¬ 
tonian  operator. 

For  steady -state  propagation,  the  field  amplitudes  at 
fixed  spatial  points  remain  unchanged.  The  vector 
potential  for  a  plane  wave  propagating  in  the  s  direction 
can  be  written  as 

.1M  =  cL(A/2«4**/-’)'« 

k 

X{| h(z)  exp (-iuikt)+4,k'(z)  expOW)) , 
^*(;)  - b(z)  cxpO'As) ,  (AI) 

\J>k(z),bf  !(z)  j—  on- , 
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For  free  fields,  ^*(z)  =  a*  exp(iiz).  Here,  we  have  defined 
localized  annihilation  and  creation  operators  b(z)  and 
kHz)  under  the  assumption  that  ((bj)m(bt)n)  does  not 
vary  much  in  a  distance  d  large  compared  with  the  wave  • 
length.  We  also  assume  that  k=  2-wn/d,  where  n  is  an 
integer.  Thus,  the  corresponding  localized  photon 
number  operator  is1' 

m=(dd/L>)ZbkKz}b^,  (A2) 

i 

where  ft  is  the  cross-sectional  area  of  the  beam,  and  Z.1 
is  the  volume  of  quantisation.  Wc  can  also  define  a 
localized  momentum  operator, 

<P(*o,/)=23C(jo,0/c 


which  agrees  with  the  corresponding  classical  equation. 
According  to  Eq.  (A4),  the  unitary  translation  operator 
is 


L’(e,so)=  |exp^(i/A)^  &(z)dz  j  .  (A6) 


Here,  the  space-ordered  product  {  }+  has  the  similar 
definition  as  the  time-ordered  product.  Field  operators 
at  different  spatial  points  arc  connected  by  this  unitary 
operator: 

E(z,l)  =  U-'(z,zt)EMU(z,zo).  (A7) 

We  can  now  define  a  localized  density  matrix  operator, 
p(s)  =  U  (z,0)p(0)Z/-!(z,0) ,  (A8) 


1}  -n¥H 1 

=2-  /  U(z,t)Jz,  (A3) 

cd  J  'Q—d’i 

where  H(z,t)  is  the  Hamiltonian  density,  and  30(20,1)  is 
the  Hamiltonian  corresponding  to  a  system  which  has 
the  same  Hamiltonian  density 

(l/«0  /  H{z,t)dz 

J  tQ-dfl 

everywhere  in  the  volume  L1.  Therefore,  3C(so,0  here 
has  the  same  form  as  given  for  the  various  cases  dis¬ 
cussed  in  this  paper,  but  with  bk(z0)  and  bk'(za)  replacing 
<U  and  aif,  assuming  that  the  medium  has  a  uniform 
density  A'teo),  which  fills  the  entire  quantization  volume 
for  free  fields, 

<PM-2E  A*[V«*i(*M3. 

k 

The  momentum  operator  acts  as  a  translation 
operator: 

d<P(z)/  dz-(—l/ *V/)(j^(z),d*(a)3 , 
tlE^(z)/dz=  (-  l/iA)[£<->(z)/J>(z)] .  (A4) 

Thus,  for  example,  in  the  case  of  sum-frequency  genera¬ 
tion,  Eq.  (A4)  yields 

rf£V->(z)/</z-  fjt£*(-'(z)  =  i[2W«(!)] 

X  N{t)ik  •  p,!»  :ik,hk-Eh(z)^Az) ,  (AS) 


”  L.  Mamie),  Pliys.  Rev.  144,  107!  (I960). 


assuming  free  space  for  z<0.  Then  the  correlation  func¬ 
tion  of  fields  at  different  times  is  given  by 

(£l+,(z,/i)  •  ■  .£«>(*,/.)£<-><*,/.)• •  •£'-,(Mi)) 

=  TrG.(0)£<+>(z,/,)-  •  £<«(*, Ofi'-’feO 

X  •  •  •£{-,(z,li)] 

=  Tr[p(z)£(+)(0,Ii)-  •  •  £(+)  (0,/,)£(-)  (0,/») 

X-*-£(-,(0,/i)].  (A9) 
The  equation  of  motion  for  the  density  matrix  p(s)  is 
3p/dz=(—  l/i'A)[<P(z\p(z)].  (A10) 

With  the  help  of  these  localized  operators,  the  calcu¬ 
lations  for  steady-state  propagation  in  a  medium  be¬ 
come  exactly  the  same  as  the  coi  responding  calculations 
for  a  cavity  with  t  replaced  by  —z/c. 

Physically,  the  density  matrix  p(z)  describes  an 
ensemble  of  photon  systems  which  has  all  the  statistical 
properties  of  fields  at  z.  If  a  photon  system  is  taken  as 
the  section  of  the  light  beam  emerged  from  the  plane 
at  z  in  a  time  T,  where  T  can  be  the  counting  time  of 
photodetectors, *  then  p(z)  actually  describes  an  en¬ 
semble  of  such  photon  systems.  This  is  the  ensemble  we 
measure  in  experiments. 

The  problem  of  beam  splitting  has  been  deliberately 
avoided  in  this  paper.  It  requires  some  modification  of 
our  formalism.  Qualitatively,  the  split,  beams  would 
have  different  statistical  properties  than  the  unpslit 
beam,  and  they  are  correlated  with  each  other.  The 
equivalent  problem  in  the  cavity  case  corresponds  to 
the  splitting  of  the  photon  ensemble  with  time. 
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Permutation  Symmetry  of  Nonlinear  Susceptibilities 
and  Energy  Relation* 

Y.  R.  SHES't 
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(Received  2  October  1967) 

Permutat'on  symmetry  for  gener  ''red  nonlinear  susceptibilities  is  derived  from  the  microscopic  theory. 
It  is  shown  that  this  permutation  symmetry  is  essential  for  the  existence  of  a  time-averaged  stored  energy 
density  or  free  energy  for  wave  propagation  in  a  nonlinear,  nondissipativc  medium. 


TT'OR  propagation  of  electromagnetic  waves  in  a 
A  linear,  nondissipative  but  dispersive  medium,  it 
is  well  known  tnat  a  simple  energy  relation  exists.  The 
rate  of  time-averaged  energy  propagated  out  of  a  closed 
volume  is  equal  to  the  rate  of  decrease  of  time-averaged 
energy  stored  in  the  volume.'-  The  question  arises  on 
whether  the  same  energy  relation  holds  for  wave  propa¬ 
gation  in  a  nonlinear,  nond'ssipative  medium.  We  shall 
show  in  this  note  that  the  permutation  symmetry  of 
nonlinear  susceptibilities  would  in  fact  lead  to  the 
existence  of  such  an  energy  relation  in  the  nonlinear 
case.  Pershan2  derives  the  permutation  symmetry  of 
nonlinear  susceptibilities  from  energy  consideration  by 
assuming  the  existence  of  time-averaged  free  energy. 
However,  his  expressions  for  time-averaged  free  energy 
are  correct  only  for  nondispersive  media. 

Front  the  Maxwell  equations 

VXE=  —  (l/c)dB/df , 

VXB=  (l/c)dE/3,'+(Vc)J , 

one  obtains  the  energy  conservation  equation 

(c/4w)V- (EXB)  =  —  (l/8*)(a/«)[£?+fl*]-K- J ,  (2) 

where  J  is  the  total  current  density  which  can  often  be 
written  in  terms  of  multipole  moments: 

J= Jconduction+(a/df)P+cVXM- (d/dl)V-Q+  (3) 

However,  the  expansion  of  Eq.  (3)  is  physically 
meaningless,  if  the  wavelength  of  the  propagating 
waves  is  small  compared  with  the  dimension  of  the 
medium.1  It  is  then  more  appropriate  to  keep  J  as  a 
single  physical  quantity.  We  can  define  a  generalized 
polarization  5|J  as3 

J-J  *-aWd/.  (4) 

Moreover,  the  Fourier  component  of  $  can  often  be 


*  This  research  was  supported  by  the  joint  sponsorship  of  the 
Advanced  Research  Projects  Agency  and  the  Office  of  Naval 
Research  under  Contract  No.  Nonr-3656(32). 

t  A.  P.  Sloan  Research  fellow. 

•Sec,  for  example,  L.  D.  Landau  and  E.  M.  Lifshitz,  electro¬ 
dynamics  in  Continuous  Media  (Addison-Wcslcy  Publishing 
Co.,  Inc.,  Reading,  Mass.,  1959),  p.  252. 

*  P.  S.  Pershan,  Phys.  Re-/.  130,  919  (1963).  See  also  N.  Blocm- 
bergen.  Nonlinear  Optics  (\V.  A.  Benjamin,  Inc.,  New  York, 
196$),  p.  63. 

*  Y.  R.  Shen,  Phys.  Re,’.  133,  A511  (1964). 
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expanded  into  a  series 

^(n>(U-),  (5) 

n*l 

where 

5B<"(M=X(,>(M-E(M, 

tj$.J)(k=  ki-fkj, 

=  vtJ)(k=k.-|-ki,  u—ui+uf): 

E(ki,wi)E(kj,u)j) . 

The  tensors  jr<!),  etc.,  denote  the  (generalized) 
linear  susceptibility,  the  second-order  nonlinear  sus¬ 
ceptibility,  etc.,  respectively. 

Consider  first  the  linear  case,  where  '4$ M  with  n>2 
can  be  neglected.  Let  us  assume  a  quasimonochromatic 
wave  which  can  be  represented  by 

£(!)  =  £(/)  exp(— /W)+£*(0  exp (iut) ,  (6) 

where  |<)£(/)/«Mj «>’£(/) |.  Then,  it  can  be  shown  that 
for  a  nondissipative  medium,  since  X,/*>=Xydt)  fron, 
the  microscopic  theory,  Kq.  (2)  averaged  over  a  period 
of  time  2jt/gj  can  be  written  as’ 

(e/4r)V-  (EXB),»=  -  dC^/dt ,  (7) 

where  the  time-averaged  stored  energy  density  is 

(/(»=  (l/4w)[|£[2+  i©i24-4w£*-  (awjt«>/dM).£].  (8) 

From  energy  consideration,  we  would  expect  that 
there  may  also  e_\ist  in  general  a  time-averaged  stored 
energ-  density  l  for  wave  propagation  in  a  nonlinear 
medium.  To  show  this,  we  must  first  derive  the  per¬ 
mutation  symmetry  for  the  generalized  nonlinear 
susceptibilities.  The  microscopic  expressions  for  non¬ 
linear  susceptibilities  can  be  obtained  from  density 
matrix  calculation2-4  which  is  summarized  as  follows. 

In  the  senticlassical  treatment,  the  Hamiltonian  of 
the  nondissipative  system  is 

3C=aCo+aCint,  (9) 

where 

3Co!«)=  hwn\»), 

5Cin,=Xjnt<»+3Cint«>, 

dCin,(,)  =  (e/2  me)  (p-  A+ A  ■  p)-f(e/;//wc)s-  VX  A , 
3Cin, (lt  =  (e2/2mci)A  •  A . 

*N.  Bloembergen  and  Y.  R.  Shen;  Pbys.  Rev.  133,  A37  (1964). 
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The  vector  potential  A  can  be  written  as 

A(r,/)=E  [Am(r)  exp(— t«„/)+A„*(r)  exp  (tot../)], 

■  (10) 

Am(r)  =  (c/twm)£  (k«„u«)exp(ikmT) , 

with  V-A=0.  The  equation  of  motion  for  the  density 
matrix  p  is 

iftdp/  dt—  [3Co+3Cint,pJ .  (11) 

If  and  3C,nt8)  are  treated  as  first-order  and 

second-order  perturbations,  respectively,  then  p  can 
be  expanded  into  series  in  ascending  orders  of  the 
perturbation. 

P=E  P("’- 
*-o 

The  various  orders  of  p  can  then  be  found  from  the 
following  hierarchy  of  equations 

ihdpu)/dt=  [Xo,p(I,]+[3Cmta,,p<0)] , 

ihdpa>/dt=  [3Co,p<3)]+[3Cinia),p:l,3+[3Ci„1<-),p(01] , 

iA3p(")/3/=[3C0,P("!]+[3Cint(,),p<B-,)] 

+[3Ctot«>,p<"-«].  (12) 

These  equations  can  be  solved  successively  through 
Fourier  decomposition  of  p(B> 

Pt,,!(0  =  E  Ptn,(“m)  exp(— iumt).  (13) 


From  the  density  matrix,  we  can  calcu'ate  the  ex¬ 
pectation  value  of  a  Fourier  component  of  the  current 
density. 

J  (k,w)  exp(tk  •  i—iwt)  =  Tr{  Jnp(k,tu)p(td) ) 

Xe.\p(fk  •  t—iul) ,  (14) 

where  J0p(k,a>)  =  Jo0p(k,w)-f  Jil',,(k,u)  have  matrix  ele¬ 
ments 

<«iJo0p  (k,w)  (»')=—  ( e/mc )  (« |  { exp  ( — *k  •  r)p 

+  (p-WnXi)  (15) 

Xexp(-ikT)J|»'), 

(« !Ji0p(M  |  «')=  ( f?/mc)(n  |  A  exp(-tk  •  r)  |  n') . 

The  nth -order  term  of  the  current  density  is  now  given 
by 

y<->(M=  E  { <« | Jo0p(k) l «')<;*' | p<-> (co) I «) 

n,nf 

+(B|/,t”’(k,a))|n')(«'|p<B-1>(a))|n)}.  (16) 

Subsequently,  the  Mth-order  generalized  susceptibility 
tensor  can  be  obtained  from  the  relation 

J'-HM  =  <-*»)**■>( k=  Z  k.. «. £  Wi) : 

<-i  <-» 

£(ki,<oi)- •  •  E(kB,w„).  (17) 

The  above  procedures  lead,  for  example,  to  the 
second-order  generalized  susceptibility  tensor 


—  i AV 

X<,)(ki=ki-fki,ui=wi-fu.-i)=  E  - (p»'(0)— p,w)) 


R»'»t(k3)Cexp(jks-r)]B 


!/(«,— u„„.) 


_  [exp(— tkj-r)]B.BRBB.(k2) 

1  1 

[exp(— fk,r)],.„RBB.(ki) 

h 

h(<ji  j— uBB') 

UiBB.) 

-tAV 


+  E 

ttt7 tOjCOjCCj 


X  (Ri'nt(kl)R*a-  «,kl)Rn"i.’(k;))j  - 

L/;!(«i—  U), 


Pn 


,(0) 


Pn 


(0) 


AS(«J— «„,>)(«S-Wn”»')  k*(wj—  W„„.)(“l~ ^ WBB") 


p»-'(o)  i  r 

- - -  +R»'nt(kj)RBB’>(k:)Rn"i,'(ki)  — — — - 

*lJ(ui  — Olnn-;  (<*>!— Un-*')-J  L/(S(«J— 


Pn 


(0) 


u»n')(Wi_W»»") 


|  Pn'W _ Pn-W  ~ 

U„.)(“I— “»•■*  )  *1(W1-WB-.B-)(W3-WBB”)J  ’ 


(18) 


where 

RBB>(k)  =  [(p-f  t'/isXk)  exp(tk-r)]„»- 
=  C^'.,(k)?=CRn-n(-k)]*> 

hunn'=huK-  lloln’. 

X  is  the  number  of  atoms  per  unit  volume.  The  term 
erp(±!'k-r)  in  the  above  equationr.  can  be  expanded 


into  power  series  of  (k-r).  One  would  find5 

Rn»'(k)  =  itttOtnn'Tnn'  •) P/tpBB'[^r(k  *  r)  JBB' 

+l«7j[I-(-2s]BB.Xk-|-  ••• ,  (19) 

where  1  is  the  orbital  angulai  momentum  of  electrons. 

*  J.  S.  Griffith,  The  Theory  of  Transition  Metal  lens  (Cambridge 
University  Press,  London,  1961),  p.  54. 
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Equation  (19)  is  clear!}-  the  multipole  expansion  of 
R,„>.  In  the  electric-dipole  approximation,  only  the 
first  term  in  the  expansion  of  exp(rfcik-r)  is  retained. 
The  expression  for  jj<5)  in  Eq.  (,18)  should  then  reduce 
to  the  one  obtained  by  Armstrong  cl  al. *  From  Eq.  (18), 
one  finds  readily  the  permutation  symmetry  for  the 
generalized  susceptibility  tensor.7 

=  Xm»»tt,(kl=  —  k:+kj,  0>i~  — 0)2+41)3) 

—  (kl~  kl~ k  l,  <i>2  =  (i>3  —  4i)l)  .  (20) 

'  J  In  a  dense  medium,  there  should  also  be  a  Lorentz- 
.  Lorenz  correction  factor  in  the  expression  for  %m,  but 
,  the  permutation  symmetry  relation  of  xlU)  >s 
unchanged.* 


Consider  now  the  presence  ot  three  waves  in  the 
nonlinear  medium. 

E„(r, ()=£„(/)  expO’km-r— rwj) 

+complex  conjugate  (c.c.),  t«  =  l,  2,  3,  (21) 

ks=  kl+k2  ,  4i)5=4i)i+4i)2  , 

where  j  d£m (/)/ 5/ 1 « j <om£„  | .  These  three  waves  are 
coupled  through  the  nonlinear  susceptibility  xu,>  and 
consequently  there  is  energy  transfer  among  them.  We 
expect  that  a  time-averaged  energy  for  the  coupling 
of  the  three  waves  should  exist.  The  term  involving 
coupling  of  the  three  waves  in  Eq.  (2)  is 

E-J«>  =  E  (22) 

*1-1 .1.1 

where  we  can  write 


Em(f)  —  ^ t*17m6m(Wn i+l/m)  eXp£ikm*r  24i lml  ?i/m^+C.C.  , 

df 

— ?5l<t>(0=  /  <6j*h/j(—  *)(«)J—  4i)2+)?j—  l?i)x(5,(‘«)l+)?l=—  <<>S—  >Il+<*>»+^3)  :  fi2*(“)l+)(l)£3(4<)3+7;3) 

dt  J 

X  exp[rki  ■  r-  i  (o  1+  p,-  ij2)f  ] 

I  r  a  €,*(/)  a£,(/)-i 

«|xCJ)(<oi=-4j,+4j,):  (-tti)i)£,*(/)£,(/)-f - £>(/)+£i*(/) - 

l  L  dt  dt  J 

r  ax-»(«i)  aR«>(«,)-|  a£,*(;)  rax«>(cal)  «*«(«,)■,  dE3(t) 

L  Sui  doii  J  dt  L  doii  don  J  dt 


X  exp(ik,  •  r-  wi/)+c.c , 


a  r  ds,(t)  se*(0i 

— $2<l,(0«  x(!>("i="i-"i):  (-t«i)£»(/)£i*(0+ - £i*(0+6 1(1) - 

dt  L  dt  dt  J 

rajc0,(«i) .  ax«>(«r)*|  a£, (<)__.  j-d:c(})(«:)  axi2>("*)n  asi*(0 


-  : - £i*(0+«J - :  £ 

J  dt  L  doi2  Ai)i 


doit  doii 

,  a£,(/)-i 


a  r  a£i(0  a£,(/)n 

~J $>a)W~  Za)(ui~ «r+«t):|  (“ iwa)8x0)fij(<)H - £?(/)+ £i(/) - 

]t  L  a/  dt  . 


■0j'tI)(<i’>)  *Xa,(o»)- 

as.(0  /v 

*  P  M  I  n 

-d^ioii)  1  dx(5>(«s)-J 

1 

doii  doit 

dt  1 

doi  2  doit  J 

Xexp(fk2T-ui)2/)+c.c. , 


•*tW - 

I  dt  I 

Xcxp(ikj-r—  *W)+c.c. 


From  the  above  expressions,  and  with  the  help  of 
permutation  symmetry  of  &(J)  in  Eq.  (20),  it  can  readily 

•  J.  Armstrong,  X.  Bloembcrgcn ,  J.  Duelling,  and  P.  S.  Perslian, 
Phys.  Rev.  127,  1918  (1962). 

7  Permutation  symmetry  for  >n  the  electric-dipole  approxi¬ 
mation  was  derived  in  Ref  6. 

•The  proof  of  this  statement  is  given  in  Ref.  6  for  the  electric- 
dipole  approximation.  However,  it  can  also  be  applied  to  the 
present  case  with  slight  modification.  Equation  (Al)  in  Ref,  6  is 


be  shown  that  the  time  average  of  Eq.  (22)  is  given  by 
Z  <Em-dym<*>/dt)„=dUll>/dt,  (24) 

■n-I.S.J 

now  defined  for  each  wave  with  wave  vector  V  andfrequency  » 
separately.  The  Lorcnlz  tensor  is  a  function  of  both  k’s  and 
u's.  Both  the  linear  polarizability  o'1’)  and  the  Lorentz  tensoi  L,-,- 
are  self-adjoint  and  the  derivation  in  Ref.  6  should  be  modified 
accordingly. 
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where  the  time-averaged  coupling  density  stored  in  the 
medium  is 

(7w=2Cl*(0-X<«(«l):fii*(08.(0 

i - - - - 

da>  i  du-i 

5X3)("i)l 

+«j -  ;  e**(0€*(/)+c.c.  (25) 

dwi  J 

More  generally,  one  can  show,  from  the  microscopic 
expression  for  xU)  for  a  nondissipative  medium,  the 
general  permutation  symmetry 

n  n 

JCJ.+i.«l...u(")*(k»+i=Z  k<,«»+i=E  «<) 

a  “  1]  kitkii+ii 

i*  l 

£  w<+tt*+l) 

iVl 

■v» 

wfI=w(l+i—  £  «<)•  (26) 

tyn 

With  Eq.  (26),  one  finds 

iM-1 

£  (27) 

—1 

where  the  time-averaged  energy’  density  stored  in  the 
nonlinear  medium  for  the  coupling  of  the  (»-}-l)  waves 


is 


f7‘->=«81*(0”-fi,*(0x(”),(kB+i,«.fi)fiB+i(0 

■n+i  dx<n>'(ki»+i,w*+1)'l 


+  Ei*(/)‘  •  •  Ei 


*ii+l  c 

.*(0  E 

1 


da* 


J 


X£»+i(0+c.c.  (28) 

Conversely,  the  existence  of  U(n)  in  the  form  of  Eq. 
(28)  implies  the  permutation  symmetry  for  The 
energy  conservation  relation  of  Eq.  (2)  after  time 
average  can  now  be  written  as 

(cl  4t)V-  (EXB)=  -dU/dt, 

where 

n*»l 


with  U(K  and  f?(l)  (»>2)  given  by  Eqs.  (8)  and  (28), 
respectively. 

In  conclusion,  we  have  shown  in  this  paper  that  the 
permutation  symmetry  of  the  generalized  nonlinear 
susceptibilities  leads  to  the  existence  of  a  time-averaged 
stored  energy  density  for  electromagnetic  wave  propa¬ 
gation  in  a  nonlinear,  nondissipative,  but  dispersive 
medium*  The  discussion  can  of  course  br  generalized 
to  include  other  types  of  excitational  waves  in  the 
medium. 

•The  derivation  here  is  strictly  correct  only  for  waves  with 
k«”ki+ki  and  ui=ui+uj.  However,  it  is  also  a  good  approxi¬ 
mation  when  these  matching  conditions  are  approximately  satis¬ 
fied.  This  is  in  the  same  spint  as  one  can  define  a  linear  dielectric 
constant  «(u)  for  a  pulse  of  waves  of  frequency  u  as  long  as  u  is 
much  larger  than  the  inverse  of  the  pulse  width. 


